





JOURNAL of THE 


AERO/ SPACE 
SCIENCES 


Votume 26 OCTOBER, 1959 Number 10 








CONTENTS 


Rocket Propulsion Systems for Interplanetary Flight..........Grorcr Paut Sutton 609 


Shroud Tests of Pressure and Heat Transfer Over Short Afterbodies With Separated 
... MARTIN H. BLoom AND ADRIAN PALLONE 


Optimum Path of an Airplane—Minimum Time to Climb... TaroporE THEODORSEN 


Spherical Cap Snapping............... HERBERT B. KELLER AND Epwarp L. Reiss 


Unsteady Laminar Compressible Boundary Layers on an Infinite Plate With Suction 
or Injection ' ......Kwane-Tzu Vano\ 


A Study of Creep Collapse of a Long Circular Cylindrical Shell Under Uniform Ex- 
ternal Pressure......... .....N. J. Horr, W. E. JAHSMAN, AND W. NACHBAR 


Readers’ Forum..... 


Published by 
INSTITUTE OF THE AERONAUTICAL SCIENCES, INC. 














JOURNAL OF THE 
AERO/SPACE SCIENCES 





Editor: W. R. SEARS 


Director, Graduate School of Aeronautical Engineering, Cornell University 


Rosert R. DEXTER Managing Editor: Rita J. Turtno 


Editorial Assistant: 


Associate Editor: 
CAROLINE TAYLOR 





Editorial Committee 


Aerodynamics and Fluid 
Mechanics 


H. Julian Allen 
Holt Ashley 

Dean R. Chapman 
Francis H. Clauser 
Hugh L. Dryden 
John C. Evvard 
Antonio Ferri 
Alexander Flax 
Wallace D. Hayes 
R. T. Jones 

Carl Kaplan 

H, W. Liepmann 
Coc eae 

H. F. Ludloff 
Harold Luskin 
Clark B. Millikan 
Henry T. Nagamatsu 
H. J. E. Reid 
George S. Schairer 
G. B. Schubauer 
John Stack 
Theodore Theodorsen 
Arthur N. Tifford 
Th. von K4rm4n 


Flight Testing 


R. R. Gilruth 
Melvin N. Gough 
W. L. Howland 
W. F. Milliken, Jr. 


Journat or THE Aero/Space Sciences (formerly Journal of the Aeronautical Sciences), Published Monthly. 


Rotating Wing Aircraft 


F. B. Gustafson 
K. H. Hohenemser 
Bartram Kelley 
R. B. Maloy 
Ralph McClarren 
R. H. Miller 

R. H. Prewitt 

Igor I. Sikorsky 


Structures 


John E. Duberg 
R. R. Heldenfels 
N. J. Hoff 
Samuel Levy 

J. F. McBrearty 
W. Ramberg 

E. E. Sechler 

F. R. Shanley 
C. R. Strang 

S. Timoshenko 


Meteorology 


C. F. Brooks 

D. M. Little 

F. W. Reichelderfer 
K. C. Spengler 


Vibration and Flutter 


Lee Arnold 

M. A. Biot 

R. L. Bisplinghoff 
Harold A. Cheilek 
I. E. Garrick 
Martin Goland 


Aircraft Design 


W. E. Beall 

E. H. Heinemann 
Hall L. Hibbard 
Richard Hutton 
C. L. Johnson 
A. A. Kartveli 

F. K. Teichmann 


Electronics 


K. C. Black 

M. V. Kiebert, Jr. 
David S. Little 
Paul Rosenberg 
Giles J. Strickroth 





SUBSCRIPTION RATES 


Physiologic Problems 


H. G. Armstrong 

Louis H. Bauer 

Robert J. Benford 

W. Randolph Lovelace, II 
Ross A. MacFarland 


Flight Propulsion 


William Bollay 
George W. Brady 
R. P. Kroon 
Frank E. Marble 
Abe Silverstein 
E. S. Taylor 


Instruments 


Alan G. Binnie 
Charles H. Colvin 
Frank R. Cook 
C. S. Draper 

S. G. Eskin 

C. F. Savage 

R. C. Sylvander 


United States and 


Possessions: 1 Year, $15.00; Single Copies, $1.50. Foreign Countries Including Canada (American Currency Rates): 1 Year, 


$16.00; Single Copies, $1.50. 


Aero/Space Enctineerinc, Published Monthly. 


United States and Possessions: 


Countries Including Canada (American Currency Rates): 1 Year, $6.00; Single Copies, $0.50. 
Notices of change of address should be sent to the Institute at least 30 days prior to actual change of address. 

Manuscripts for publication, proofs, and all correspondence should be addressed to the Editorial Office of the Journat. 
Publication Office, 20th and Northampton Sts., Easton, Pa. 


1 Year, $5.00; Single Copies, $0.50. Foreign 


Correspondence regarding subscriptions may be addressed to the 


Editorial Office of the Journat or THB Agro/Space Sciences, 2 East 64th Street, New York 21, N. Y. 


© Copyright, 1959, by the Institute of the Aeronautical Sciences, Inc. 


Second-Class Mail Privileges Authorized at Easton, Penna. Acceptance for mailing at a special rate of postage provided for in 
Section 1103, Act of October 3, 1917, authorized April 29, 1937. 





JRINO 





tion 
disc 


acce 


this 
cipé 
tem 
plat 
tial 
T 


for 


will 
ing, 
plat 
Pr 
M.I. 
Re 
ad 
Dep: 
Chief 
of Di 
Insti 





JOURNAL OF THE 
AERO/SPACE SCIENCES 





VOLUME 26 


OCTOBER, 


1959 NUMBER 10 





Rocket Propulsion Systems for 
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Summary 


A comparison is made of several different propulsion systems 
for interplanetary flight. Liquid and solid propellant rockets, 
propulsion systems which use nuclear energy sources, arc heating 
rockets, magneto-plasma devices, ion rocket propulsion, solar 
heating rockets, and solar sails are briefly described and their 
current status reviewed. Engine performance requirements 
for different interplanetary 
several propulsion systems are then compared on the basis of 


characteristics, 


missions are established. Thesc 


criteria, environmental 
reliability, 
Predictions on various propulsion system 


several performance 


vehicle requirements, current status, growth poten- 
tial, and efficiency. 
capabilities and an analysis of multiple rocket engine reliability 
It is concluded that electrical rockets are superior 


applications, and that chemi- 


is included. 
for long-time interplanetary flight 
cal rockets are satisfactory for most of the immediate applica- 
tions in ‘‘near’’ space. None of the several propulsion schemes 
discussed can be rejected until further technical work has been 


accomplished. 


Introduction 


M** DIFFERENT TYPES of rocket propulsion systems 
have been proposed for interplanetary flight. In 
this paper an attempt is made to give some of the prin 
cipal characteristics of several of these propulsion sys- 
tems, to list some of the requirements imposed by inter- 
planetary flight and to compare the merits and poten- 
tial areas of engine application. 

The discussion concerns the mid-course propulsion 
for interplanetary transfer trajectories, and therefore 
will not include propulsion systems for take-off, land- 
ing, or operation in the strong gravitational fields of the 
planets. By eliminating the boosters from this paper, 
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the discussion will be cone: )‘rated on the relatively 
low thrust, long duration propulsion systems for inter- 
planetary travel, and the maneuvers for taking off or 


returning to a satellite orbit. 


Propulsion Systems 


Four categories of propulsion systems are discussed 
in this paper. They are (1) the liquid propellant and 
solid propellant rockets which generate energy from 
chemical combustion, (2) that use nuclear 
energy as their source of power, (3) those that use elec- 


those 


trical or electromagnetic devices for the acceleration 
of mass, and, finally, (4) those that use electromagnetic 
radiation (light waves) to obtain a propulsive force. 
Simple schematic diagrams for the basic types of pro- 
pulsion engines 1, 2, 3, and 6 and 
simple engine performance parameters are listed in 
There are many different types and forms of 


are shown in Figs. 


lable 1 
each of the engines which are enumerated in this dis- 
cussion and, therefore, it is virtually impossible to cover 
all the possible versions. Thus, the descriptions given 
in this section are cursory and are primarily intended 
to identify the various systems. A comparison of their 
performance and operating characteristics is given in 


the following sections. 


Chemical Rockets 

There are two principal types, those using /iguid 
propellants and those using solid propellants. (See 
Fig. 1.) Both today are well developed and under- 
stood.! In the chemical reaction, energy is released 
which is converted into the heating of a working fluid 
(in this case, the reaction products themselves), and this 
gaseous working fluid in turn is expanded and acceler- 
ated in a nozzle to very high velocities, thus converting 
some of the enthalpy into the kinetic energy of the jet. 
There appear to be no fundamental limitations as to the 
size of these chemical propulsive devices, and many 
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ROCKET PROPULSION 
TABLE 1 
Ranges of Specific Impulse, Thrust-to-Weight Ratio, 
and Duration 
Specific Thrust-to- 
Impulse Weight 
System (sec. )* Ratio Typical Duration 
Chemical 200-420 10~2-10? = minutes (high thrust) 
hours (low thrust ) 
Fission 500-1,100 1072-10 same 
Isotope Decay 400-700 10-5-10~ |days 
Arc Heating 400-2,000 | 10~4-10~? |days 
Magneto- 
plasma 5,000—-25,000) 1075-107% |weeks 


Ion 5,000—60 ,O00, 107-5-10~% |months 


Solar Heating 400-700 10~%-10~? |days 


* Vacuum expansion. 


different forms and types have been explored and built. 
The duration of operation and the acceleration that can 
be imparted to interplanetary vehicles by chemical 
rockets can be very high. The restarting of a liquid 
propellant rocket requires the purging and cleaning of 
the liquids and reaction products from the injection 
manifolds. It is fundamentally very difficult to stop a 
solid propellant rocket engine without destroying it; 
consequently, restarting a solid propellant rocket ap- 
pears impractical. 

The use of high energy chemicals such as fluorine, 
hydrogen, boron compounds, and others has led to the 
evolution of propellants which provide perhaps fifteen 
to thirty per cent higher specific impulse than those in 
common use today. They will soon be in use. While 
they give improved performance, their active chemical 
nature causes design problems and operational hazards. 

The maximum energy that can be derived from 
chemical combustion is limited, by the fundamental 
nature of the propellant and reaction product chemicals 


and to their bonds, to about 420 sec. of specific impulse, 


| lease 


as shown in Table 1.2. There does not appear to be a 
promising approach for further increasing this energy 
release. Although such devices as the use of free radi- 
cals have been studied, they do not appear to be promis- 
ing at this time.*: 4 

Although liquid monopropellants generally do not 
have as much specific impulse (about 200-225 sec.) as 
liquid bipropellants or solid propellants, they have the 
marked advantage of permitting a very simple, restart- 
able low chamber pressure rocket engine with a gas 
pressurized feed system.° 


b) Nuclear Propulsion 

Today there are three types of nuclear energy re- 
namely, fission, fusion, and decay of radioactive 
isotopes. In the first type (see Fig. 2) the heat is 
usually generated by the fission of uranium in a solid 
reactor framework.®:’.* This heat then is conducted 
to the surface of this solid body where it is transferred 
to a working fluid, usually hydrogen. This working 
fluid is gasified and heated to very high temperatures. 
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Subsequently it is expanded through a supersonic nozzle 
and accelerated to very high velocities and therefore 
to high kinetic energies. The principle of operation is 
basically identical to that of a liquid propellant rocket 
except that the energy for heating the gases does not 
come from chemical combustion but from fission. The 
temperature that can be so attained is theoretically 
almost unlimited. Because it is possible to choose a 
working fluid of very low molecular weight it is possible 
to obtain higher specific impulses with this particular 
type of propulsion than with the chemical fuels. How- 
ever, the degradation of physical strength of materials 
which occurs at high temperatures limits the maxi- 
mum working fluid temperature to perhaps 4,000 to 
6,000°F., and therefore limits the performance that can 
be attained with this device. 

There are also other basic problems that are not pres- 
ent in liquid propellant rockets. For example, the 
high intensity neutron and gamma radiation emanating 
from the nuclear reactor heats all hardware adjacent to 
These parts must be artificially cooled in 
Simple flanges 


the reactor. 
order to keep their physical strength. 
and bolts in the immediate vicinity of the reactor have 
to be cooled. 

In interplanetary space there is no air and therefore 
there is no scattering of nuclear radiation. The shield- 
ing of sensitive equipment or a human crew can thus be 
achieved by relatively simple shadow shields and by 
designing the space ship in such a manner as to inter- 
pose a large distance between the reactor and the sensi- 
tive payload. While this is a much lighter weight 
system than the conventional full radiation shield, it 
causes some severe design problems. 

The reactor’s control and the coordination of this 
control with the flow control is difficult. The nuclear 
activity determines the amount of heat released and 
the flow going through the reactor determines the heat 
that can be absorbed from the reactor. These have to 
be matched in each flow passage, particularly during 
transient operations, and care has to be exercised to see 
that there will be no undue cooling or heating of the 
solid parts. The residual energy that is present in all 
nuclear fission reactors is a source of considerable con- 
cern. Provisions have to be made either to throw the 
reactor away after use (and let it vaporize itself) or to 
keep it cooled by some auxiliary cooling mechanism 
which rejects excess heat to space. Such a cooling cir- 
cuit is shown in Fig. 2. 

It would be desirable to release the heat directly in the 
propulsive working fluid by using a liquid or gaseous 
reactor. In this case the solid outer walls containing 
the reactor vessel would be cooler than the gas and the 
fission reaction would take place inside the working 
fluid at substantially higher gas temperatures.’ Calcu- 
lations indicate that this would be tremendously diffi- 
cult to achieve economically in small, lightweight ma- 
chines without losing large amounts of uranium. 

The use of fusion, which is the second way of using 
nuclear energy in propulsion, could become very at- 
tractive but is not as yet sufficiently understood to be 
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practical.'"-'* The advantages here would be a lack 
of fission products (which can poison the surrounding 
environment and the operating crew) and the ability 
to release the energy directly to the working fluid 
(which could be hydrogen) and therefore the attain- 
ment of substantially higher performance. To date, a 
controlled, prolonged fusion reaction has not been 
achieved. It appears that such machines will be large 
and heavy and will not be feasible for a long time. 
Therefore no further discussion of fusion rocket will be 
given in the remainder of this paper. 

The third type of nuclear propulsion uses energy from 
radioactive isotope decay.'* This type lends itself to a 
relatively simple propulsive device. 
radioactive isotopes gives off energy in the form of 
either alpha, beta, or gamma radiation, or all three. 
Some isotopes produce only alpha and beta particles 
Others 


The decay of 


and their energy is readily converted to heat. 
have a major portion of their energy in gamma rays, 
which are harmful to electronic equipment and human 
beings and require shielding. By choosing the proper 
isotope almost all the decay energy can be transferred 
toa working fluid. Such materials as cerium, polonium, 
thulium, and thallium can be considered as isotopes for 
heating of hydrogen. Some of these are fission products 
of uranium—e.g., cerium—and are obtained by the 
chemical refinement of spent reactor fuel elements; 
others can be obtained by irradiation of a pure sub- 
stance in a special reactor—e.g., thallium and polonium. 
All are very expensive to produce. 

Because it is difficult today to fabricate and concen- 
trate large amounts of such radioactive material in a 
single part without some special provisions and because 
the weight per unit power output is relatively high, this 
type of propulsion device will use small amounts of 
isotopes only. It will have a high fixed weight. In 
order to obtain reasonably high fluid temperatures 
(1,000 to 3,000°F.), the flow rate per unit area through 
the isotope energy source will be low and has to be 
properly matched. If developed, the isotope decay 
rocket, therefore, will be suitable for low thrust-to- 
weight ratios and very low thrusts (less than one 
pound). Ata later date it may be possible to conceive 
of practical units for medium large thrusts. 

Heat is rejected from the isotope at all times and it 
will be necessary to provide an artificial cooling system 
to prevent the melting or vaporizing of the isotope ma- 
terial when the propulsive system itself is not operat- 
ing. Depending on the design and the isotope material, 
it will be possible to convert between 50 and 100 per 
cent of the decay energy into heat. Unfortunately, 
the energy level diminishes with time in accordance 
with the law of radioactive decay. Because hydro- 
gen can be used as a working fluid, the performance of 
this particular device is relatively good and can exceed 
600 or 700 sec. if sufficiently high temperatures can be 
attained. This is 50 to 100 per cent better than 
chemical rockets, as shown in Table 1. One of the out- 
standing virtues of this particular device is its sim- 


plicity. This should make it particularly attractive for 
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relatively reliable operation in space. However, the | 
device can be highly radioactive and will require, 
shielding in the vehicle as well as on the launching test 
stands. 

In general, all three nuclear rocket systems are still 
in the exploratory or research stage. Because the 
technical problems are difficult, these devices will not 
fly soon. 


(c) Electrical Propulsion 

Today there are basically three types of electrical | 
propulsion that are of interest to space flight (see 
Fig. 3). The first, arc heating propulsion, is basically | 
electrical heating of a working fluid, the second, zon 
propulsion, uses the electrostatic acceleration of posi- 
tively charged ions, and the third method will be re- 
ferred to as magneto-plasma propulsion. The energy is 
supplied from a vehicle-borne energy source which is 
separate from the propulsive device. The required 
power per unit thrust is generally very large, for it in- 
creases linearly with the specific impulse. For reason- 
able thrust levels (larger than 0.1 Ib.) a nuclear reactor 
power plant is assumed here for all electrical propul- 
sion devices, because (as will be discussed later) it gives 
the lowest weight for high-powered energy sources. 

In an arc heating rocket propulsion device the electrical 
energy is added to the working fluid completely within 
an arc, which is struck between two electrodes.!* ! 
This are creates a plasma of the working fluid and as 
the working fluid is blown through the arc, it is heated. 
A plasma is an electrically neutral fluid containing elec- 
trically activated particles such as positive ions and 
negative electrons. Only a relatively small portion 
of the electrical energy is actually put into the kinetic 
energy of the working fluid, perhaps as much as 15 
to 20 per cent. A good part of the electrical energy | 
is unfortunately lost in the resistance of the electrode 
as heat rejection to the chamber walls, and as radi- | 
ation. If it is possible to use the propellant as regen- | 
erative coolant, then perhaps 85 per cent of all the | 
electrical energy is transferred as heat to the working 
fluid and some 50 to 60 per cent as kinetic energy of the | 
jet. With a low flow of hydrogen the chamber material | 
temperatures (with regenerative cooling) could become | 
too high and an auxiliary cooling system with a sepa- | 
rate heat sink may be required. 

To date, some good work has been done on the prob- 
lem of the thrust chamber, the arc, and its confinement, 
but further work is needed on eliminating electrode 
erosion (needed for long life), a power supply and con- 
version system, and the development of light weight 


hardware. 

A schematic diagram as shown in Fig. 3 shows the 
basic principle of an ion rocket..*-* Contact ioni- 
zation (the contact of two dissimilar materials of differ- 
ent work function will strip electrons) seems to be 
preferred over other methods because of its relatively | 
good efficiency, simplicity of actual operation, and its 
good prospect for prolonged operation. The resulting 
ions are accelerated by an electrostatic field of high 
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Depending on the voltage and 
the atomic weight of the ions, speeds will vary up to 
and exceed 1 million ft. per sec.; this corresponds to 
specific impulses of over 60,000 sec. The ions must be 
neutralized by reabsorbing the electrons that were 
originally stripped, so that no further electrostatic re- 
tarding forces are exerted upon the ions once they flow 
past the last electrode. This would generally be done 
by emitting electrons near the ion discharge port. 
The energy required to ionize the working fluid is 
small compared to the energy required for electrostatic 
acceleration. There are some thermal radiation losses. 

The fundamental relation for the specific impulse, 
specific thrust (thrust per unit weight), and the thrust 
of an ion propulsion unit are given in references 17 and 
20 and indicate that the accelerating voltage, the par- 
ticle weight of the ion (usually the atomic weight), the 
number of electrons that are stripped off the ion, and 
the magnitude of the total flow are important critical 
parameters. Materials of high atomic weight such as 
uranium or cesium are significantly better because they 
require less power for the same thrust than one of a 
higher specific impulse. 

In a magneto-plasma rocket acceleration of a plasma 
can be accomplished in at least two ways, by changing 
or collapsing magnetic fields and by the interaction of 
electric current and a steady magnetic field. In the 
first method it is possible to impart additional kinetic 
a plasma but this must be done in a cyclic 
process.*!: 22. Plasma is created at high temperature, 
usually in an are, and accelerated by means of changing 
magnetic fields. Because of the rotation induced in 
the plasma it has been necessary to resort to annular 


energy to 


plasmas (smoke-rings) and a concentric barrel type 
accelerator. One of the problems is to keep the walls 
free of the plasma so as to minimize the heat transfer 
to the walls. This can be done by magnetic fields 
which constrain the plasma from reaching the walls. 
By choosing a working fluid of low molecular weight, 
such as hydrogen, it is possible to obtain high specific 
impulses in excess of 15,000 sec. The driving force is 
expressed as a magnetic pressure which is a function of 
the maximum magnetic field strength and the perme- 
ability of the working fluid. With proper techniques 
and proper geometries it may be possible to transfer 
over 90 per cent of the magnetic energy into kinetic 
energy of the moving fluid. This device and the ion 
rocket can give specific impulses 100 to 200 times those 
of chemical rockets. Unfortunately, in its present 
form this device requires a bank of relatively heavy 
capacitors, heavy conductors, fancy switches, and a 
high energy power source. 

It is also possible to accelerate a plasma in a steady 
flow process by passing an electric current (at right 
angles to the flow) through it, while at the same time 
imposing a magnetic field (which is also at right angles 
to both the flow and current).** The force that is so 
exerted on the plasma is proportional to the current 
and the flux density of the magnetic field. This is fun- 
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damentally the basic principle of the electrical plasma 
generator, except current is put into the working fluid 
instead of being drawn out.** The specific impulse 
valve here is perhaps 1,000 to 1,500 sec. 

Any of these electrical propulsion systems require 
a lot of electrical energy. A comparison of several 
different types of electrical energy sources is shown in 
This information is reproduced in part from 
(with a rela- 


Fig. 4. 
reference 25. Nuclear fission reactors 
tively fixed critical mass) and, to a lesser extent, iso- 
topes with heavy shields do not increase proportion- 
ately in size with additional power output. Therefore 
their specific weight tends to decrease as the power is 
increased. The uncertainty in the weight and the wide 
variation that is possible with all of these methods 
indicate that design parameters are not well estab- 
lished. Since the thrust that can be obtained from, 
say, 10 Megawatt of thermal power in a nuclear reactor 
gives only a few pounds, nuclear reactors seem to be 
essential today for arc heating, ion, and magneto- 
plasma systems of reasonable thrust. While a solar 
energy source would be simpler in many ways, the 
thrust output for present mirrors would be in the 
micropound range and this has only limited practical 
application. 

Unfortunately, the nuclear power reactor for electrical 
rockets (and in this case also the isotope decay rocket) 
require radiators to reject waste heat into space. A 
closed thermodynamic cycle is generally used, as shown 
in Fig. 5. High heat sink temperatures will reduce 
the size of required radiator area, but diminish the 
For a given power there is 
therefore an optimum The 
penetration of radiators by meteoritic particles will be 


efficiency of the cycle. 
radiator temperature. 
treated in more detail in a subsequent section. 

These radiators and the energy sources are very 
heavy, and any inefficiency in the system simply re- 
quires them to be heavier yet. Although methods 
for direct conversion of heat to electricity have been 
developed recently, their efficiencies appear to be in- 
ferior to that of a thermodynamic turbogenerator. 
Until the weight and efficiency of thermoelectric con- 
verters is improved, they do not appear attractive, 
particularly for high power requirements. 

In general, all three of the electric propulsion systems 
are relatively unexplored. Although considerable work 
is going on in all these and related fields, the effort is 
still largely exploratory. The principal technical 
problems are not only associated with the propulsive 
device, but also with the power source and efficient con- 
mechanism. A good invention 
The development of a light- 
would prob- 


version and control 
here would be welcome. 
weight vehicle-bound 

ably pace the development schedule of any of these 


nuclear reactor 


electrical schemes. 


(d) Solar Heating Rocket 

This proposed propulsion system is shown in a very 
simple schematic diagram in Fig. 6. It uses solar 
radiation energy to heat a working fluid, say hydrogen, 
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to temperatures between perhaps 1,000 and 2,000°F. 
The optical system of this device has to be pointed at 
all times exactly toward the sun (the half angle of the 
sun as seen from the earth is only 16 minutes) and this 
may be difficult in a vehicle which rotates and man- 
euvers. The propulsion system will not function when 
in the shadow of a planet. At the distances of Mars 
and Venus the sun energy density is 43 per cent and 
192 per cent, respectively, of that on the Earth. At 
Pluto the sun’s radiation is less than 1 per cent as strong 
as that on earth. The versatility of this solar rocket 
system is therefore somewhat restricted. 

Most of the radiation energy from the sun is in the 
near infrared and visible spectrum. At the radius of 
the earth from the sun there is an incident radiation 
of approximately 0.122 B.t.u./ft.*-sec. This translates 
itself into a necessary area of 8 sq. ft. per kilowatt of 
captured power if a 100 per cent power conversion effi- 
ciency is assumed. An optical system is necessary to 
provide a high-temperature heat source for a thermo- 
dynamic fluid. However a good, lightweight solar 
concentration system in space will probably be able to 
use only about 20 to 65 per cent of the incident sun’s 
radiation at the actual heater for conversion into useful 
energy.°~*8 There are optical losses due to absorp- 
tion, structural shadows, surface roughness, scatter- 
ing, vectoring errors in pointing the optical systems 
exactly at the sun, and imperfection in the parabolic, 
spherical, or cylindrical shape of the optical surfaces. 
In addition, there is the problem of efficiently convert- 
ing the heat into suitable propulsive power. With all 
these losses the required actual area per kilowatt of 
useful propulsive power will be close to 80 sq. ft. If 
the same output is expected near Mars then 200 sq. ft. 
will be needed. 

With very good optical systems it should be possible 
to concentrate the sun’s incident energy to somewhere 
between 4 and 14 B.t.u./ft.*-sec. at a target area. Not 
all of this heat will be absorbed by the target area. 
Some of it will be radiated off into empty space. One 
proposed method of construction is to use an inflated 
plastic mylar sphere, half of which is coated with re- 
flecting metal on the inside, the other half acting as a 
80 Tf the plastics withstand the 
environmental space conditions, then this method 
gives a lightweight system design. Once the sphere 
is inflated, then the gas could be lost by diffusion or 
meteorite penetration, but it still may be possible to 
hold the metal reflector by electrical means. 

If it is estimated that approximately one third of a 
pound per square foot of area is needed and if direct 
heating of hydrogen is used, then the acceleration that 
can be obtained with such a vehicle could be in the 
order of one one hundredth the acceleration of gravity. 
If solar energy were used in conjunction with ion pro- 
pulsion of one pound thrust, then the optical mirrors 
can have dimensions of several hundred feet in diam- 
eter. It is of course impossible to transport such a big 
optical system inside a ferry vehicle, unless some clever 
folding or inflating mechanism or an actual assembly 


transparent window. ** 
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in space is contemplated. This folding or furling of an 
optical surface presents some real problems in minimiz- 
ing the weight and in arriving at a clever design for 
assuring the necessary optical curvature and surface. 
Small solar heating rockets of less than, say, two kilo- 
watts may become practical soon, since their mirrors 
could be transported without folding or inflation. 


(e) Light Wave Propulsion 

Photons have the properties of particles as well as 
waves. The reflection of light can be considered the 
bouncing of photons off a surface. The radiation pres- 
sure of sunlight at the earth’s distance from the sun is 
about 10~7 lb./ft.*, but this again diminishes as the 
square of the distance from the sun. The pressure 
sensed on a perfectly reflecting surface is twice as large. 

This reflection permits the use of solar pressure 
forces for spaceship attitude control and the concept of 
solar sailing.*! By extending light weight reflectors 
from a spaceship on long moment arms, it is possible to 
turn spaceships completely around in a few hours. 
Solar sailing gives small forces only in the general direc- 
tion away from the sun, and this limits some of the 
maneuvers that can be undertaken. A typical acceler- 
ation would be only 5 X 1C~’ ft./sec.? in the vicinity 
of the earth and this is equivalent to a velocity gain of 
only a few feet per second in one year. A really light 
weight design of a solar reflector could be achieved by 
stretching a very thin plastic sail (less than 0.001 in. 
thick) between inflated “‘baloney’’ cells; this presents 
many interesting design problems. 

Because there is no working fluid or energy source 
carried in the vehicle, this type of propulsion is very 
economical in weight. The photon velocity is that of 
the speed of light, and relativistic effects must be con- 
sidered. 

The photon rocket has often been mentioned in the 
literature** ** as basically a strong light source with a 
reflector. 
photons would cause a thrust reaction. 
indicate, however, that the required energy is far be- 
yond the capacity of present concepts and the efficiency 
and the cooling problem of the mirrors would not per- 
mit the design of a practical device of this type based on 
The photon rocket is therefore 


The emission of a unidirectional beam of 
Calculations 


present technology. 
eliminated from further discussion. 

In addition to the four basic types of systems de- 
scribed here, many others have been considered, but 
are not discussed here. For example, the possibility 
of direct emission of particles from a nuclear reactor, 
or electrons from a thermoionic source has been con- 
sidered but rejected as impractical at this time.*! * 
Furthermore, there are combination systems, such as 
those combining features of chemical and electrical 


rockets. 


Performance Evaluation 


In this section the flight performance of these vari- 
ous types of propulsion systems for interplanetary 
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select the best of these propulsion systems. Instead 
it is proper to examine the application of various pro- 
pulsion systems to various specific space flights and to 
select one good engine system (or more) for each spe- 
cific case.*® *7 

First, some fairly well-established engine parameters 
for various propulsion systems will be examined. Then 
the requirements of several different space flight 
maneuvers will be presented and these in turn will be 
related to several engine parameters. 


a) Simple Engine Performance Parameters 

These include the following principal parameters: 
specific impulse, engine weight (or engine specific weight), 
thrust, and duration of power application. 

The engine performance parameters are intimately 
related to the vehicle parameters and the mission re- 
quirements, such as the energy that has to be added, the 
trajectory, the number of stages and their relative 
weights, the mass ratios (ratio of initial stage weight 
to final weight, i.e., without propellant), the duration 
of thrust application, and the number of operations. 
These will be discussed further in a subsequent section. 

An appreciation of the relative values of specific 
impulse and thrust to weight ratio can be found in 
Table 1. It can be seen that the chemical and fission 
rocket engines, while relatively poor in specific im- 
pulse, have a high thrust capability, while the electrical 
systems have a high engine weight and only a very low 
thrust, but this thrust is delivered at high specific im- 
pulse. The isotope decay and solar heating rockets 
are in between in value. Since the jet power required 
per unit thrust increases as the specific impulse is in- 
creased, the electrical devices must carry a heavy power 
supply with them to furnish this increased energy. 

Fig. 7 shows the relation between acceleration (which 
is also the thrust-to-weight ratio of the vehicle), specific 
impulse (or exhaust velocity) and the specific power, 
which is defined here as the ratio of kinetic energy in 
the jet per unit of time and the overall weight of the 
vehicle system including its energy source mechanism. 
The shaded areas indicate the approximate regions of 
the several engines. 

Chemical and nuclear engines, which operate only for 
a relatively short time, have the best values of specific 
power. The other devices operate for long durations, 
and pack much less power output per unit weight. 


TABLE 2 
Velocity Requirements For Various Typical Spaceflight 
Maneuvers 
Escape 
(or Landing) 
From a Satellite 


Interorbit 


Escape 
Transfer From 


(or Landing) 


Planet From Ground Orbit Earth 
Moon 7,700 2.260 

Earth 36, 700 

Mars 16,800 4,940 11,500 
Venus 33 ,370 9,900 11,300 
Jupiter 197 , 700 57, 800 20 , 600 
Saturn 119,200 24,000 
Sun 2,023 ,000 
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This is partly due to some of their poor efficiencies, as 
will be discussed later. A good means for reducing the 
weight of power source and machinery would be very 
helpful here. 

The very low flight acceleration of the electrical 
and isotope decay systems means longer periods of time 
for accelerating to a given vehicle speed. Thus, these 
units basically require more flight time for acceleration 
than those that can accelerate fast. The specific im- 
pulse of the electrical units is higher than that of the 
others, and this means they need to carry less pro- 
pellant; if the engine weights are reasonable, then this 
implies that they can carry a heavier payload than, 
say, a chemical rocket (even though it may take longer) 
for many interplanetary missions. These devices show 
promise for becoming the freight vehicles for the inter- 
planetary shuttle traffic. We will examine this in more 
detail later. 


(b) Trajectory Velocity Requirements 

There are seven different basic maneuver require 
ments. The suitability of the various propulsion sys- 
tems for these interplanetary maneuvers is shown in 
Table 3. The required vehicle velocity increments 
can be computed approximately for each of these seven 
separately and then added. They are as follows: 

(1) Escape From Earth Gravity Field—-As was pre- 
viously explained, it is assumed that the interplanetary 
flight starts in an orbit above the earth’s surface; in 
this case, the interplanetary propulsion system has to 
supply only the energy necessary for increasing the 
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TABLE 3 
Suitability of Various Propulsion Systems to 
Different Interplanetary Maneuvers 
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* Forces in general direction of radiation. 


velocity from that of the orbit about the earth to that 
required for escape. See Table 2. Basically this is 
equivalent to overcoming the gravitational attraction 
of the earth above a circular orbit altitude and escape 
from the earth. Because the gravitational field is 
fairly strong, it is desirable to apply this energy incre- 
ment in a short period of time—i.e., at high acceler- 
ation—so that the amount of energy necessary to fight 
the gravitational field is minimized. 

It can be shown that a thrust-to-weight ratio higher 
than 0.5 will give only negligibly small gravitational 
This means that chemical and nuclear rockets 
Electri- 


losses. 
are the only ones suitable for this maneuver. 
cal, solar heating, and isotope rockets require a char- 
acteristic spiral escape trajectory, which not only con- 
sumes additional energy, but also requires much more 
time in space. For a fast interplanetary getaway, a 
rocket with a low thrust-to-weight ratio is not desirable 
for the escape maneuver. 

(2) Interplanetary Orbit Transfer—The second energy 
increment that has to be applied to the interplanetary 
vehicle by the propulsion system is required to go into 
the selected transfer orbit from one planet to another. 
It is basically the energy necessary to overcome the 
gravitational field of the sun and to correct for the dif- 
ferences in tangential velocities of the launching planets 
and the vehicle in its prescribed orbit. The idealized 
minimum energy is given by what is known as a Hoh- 
mann ellipse, which is tangent at the aphelion to the or- 
bit of the outer planet and at the perihelion to that 
of the inner planet. The sun is at the prime focus of the 
ellipse. In this case maximum use is made of the tan- 
gential velocity of the two planets—namely, the launch- 
ing planet and the target planet. Unfortunately, the 
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Hohmann ellipse which is the path of minimum energy 
requires the planets to be in favorable relative position 
with respect to each other, and this event occurs at in- 
frequent intervals. It is often desirable to fly along a 
“faster” transfer orbit that requires more energy yet 
saves transit time. This will permit more frequent 
interplanetary trips and minimize exposure to inter- 
planetary environment; however, it will require con- 
siderable additional energy. It will also permit more 
flexibility in the date of launching. 
necessary or desirable to apply thrust for this particular 
maneuver separately; often this energy is applied at 


It is not always 


the same time as the escape maneuver. 

(3) Change of Plane—An additional increment of ve 
locity or energy is needed to change the flight vector 
from the plane of the elliptic of one planet to that of 
another planet.** For example, Mars rotates in a plane 
which is inclined at 1.85° to that of the earth. This 
amount of energy is often small, can be zero, but it also 
can be large. The exact amount depends on the spe- 
cific locations of the launching and target planets at 
the time of the flight, and the exact position and time 
of the vehicle when this correction is applied. 

(4) Trajectory Corrections—The next increment of 
propulsive energy that has to be applied to the inter- 
planetary vehicle is concerned with corrections to the 
flight path or the vehicle’s orbit. It is intended to cor- 
rect for errors in navigation devices, guidance system, 
computer, booster system, or pilot. They are inti- 
mately connected with the magnitudes of the errors 
inherent in automatic guidance, and these corrections 
can be small when accurate guidance and navigation 
systems are used. It is also intended to correct for 
errors in the “‘solar map,’’ for the exact orbit and posi- 
tion of the planets is not known accurately at this time. 

Changes of the planes of the trajectory and flight path 
corrections do not need to be applied suddenly, but 
can be allowed to take place over fairly long periods of 
time, perhaps weeks or even months. Therefore, a low 
thrust-to-weight ratios and a high specific impulse are 
See Table 3. 


The next energy requirement 


ideally suited for these maneuvers. 

(5) Vehicle Orientation 
imposed upon the propulsion system concerns the rotary 
maneuvering of the spaceship. This basically means 
an adjustment in pitch, yaw, and roll to orient the 
spaceship in a specified direction. First of all any 
residual moment that is imparted to the spaceship by 
the last rocket engine and any disturbing torques have 
to be counteracted. When making navigational ob- 
servations it may be necessary in some designs to orient 
and point the whole spaceship in the direction of vari- 
ous stars in the sky. Also when transmitting or re- 
ceiving communications data through directionally 
oriented communication equipment, or when solar 
energy is caught by a directional optical system, it will 
be necessary to rotate and point very accurately certain 
types of spaceships. One way to achieve this is by 
means of a low-thrust propulsion system. This man- 
euver requires accurately adjustable devices capable of 
giving small torques in any direction. A simple, mul- 
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ROCKET PROPULSION 
tiple nozzle monopropellant system or a series of solar 
radiation pressure reflectors appear ideally suited for 
this application. 

(6) Target Planet Approach—When approaching a 
target planet it will become necessary to change the 
tangential velocity of the vehicle to match that of the 
target planet. This can be either an acceleration or a 
deceleration depending on the specific trajectory. With 
low thrust-to-weight ratio engines this maneuver has 
to be started while quite some distance away from the 
target planet, while high-acceleration engines (chemical 
or nuclear) can do this rapidly in the immediate vicinity 
of the planet. 

(7) Capture Maneuver—The last propulsion require- 
ment from an interplanetary propulsion system is very 
similar to the first only it is applied in the reverse direc- 
tion. It is the application of energy to permit the 
proper entering into an approach orbit about the target 
planet. It is concerned with orienting the spaceship 
from its interplanetary transfer path to a planetary 
or satellite path around the target planet. Again, this 
particular maneuver requires the application of rela- 
tively large forces and the overcoming of a relatively 
high gravitational field. This maneuver into an orbit 
about the target planet does not provide for actual 
landing on the planet. This in turn requires the over- 
coming of much larger gravitational forces and the 
interplanetary propulsion system is generally not suit- 
able for this purpose. Usually a separate high thrust 
stage will be required to achieve the landing maneuver 
from the orbit about the planet to its surface. 

For high thrust-to-weight ratio engines (larger than 
0.5) the approach path to the target planet is very 
sensitive to the exact time of starting the thrust for the 
capture orbit maneuver. Because of navigational in- 
accuracies it is very likely that the original orbit that 
will be attained will be very different from the one that 
eventually is desired because of the close tolerances 
that have to be observed between the relative positions 
of the vehicle and the target planet and their relative 
velocities. It will therefore very likely be necessary 
to modify the initial elliptical capture orbit into the 
desired orbit which may be circular or which may have 
to be rotated to give a polar orbit with respect to 
the target planet. This will require an additional in- 
crement of velocity in order to achieve the desired 
flight path. Such a satellite orbit transfer maneuver 
may be very necessary if a landing is later attempted 
from the satellite about the target planet. For low 
thrust-to-weight ratio engines this maneuver will be 
executed in a spiral of successively smaller radius of 
curvature. Again this requires much time. 

Typical values for various mission requirements are 
given in Table 2. Listed here are the idealized ve- 
locities that would be attained in a gravity-free space 
for any specific maneuver if the ship moves in a straight 
line. From values like these it is possible to obtain 
approximate numbers for the total velocity require- 
ment for a spaceship, as shown in Fig. 8, simply by 
adding the respective individual velocity requirements. 
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This addition gives a hypothetical mission velocity 
increment, which is equivalent to the velocity that the 
vehicle could attain in a gravity-free vacuum. 

It can be seen that a propulsion system that can be 
throttled may have merit, as long as this change in 
thrust is not accompanied by serious losses in perform- 
ance. Then it would be possible to have a relatively 
high thrust for planet escape and capture maneuvers 
(this will minimize the time spent in fighting gravity) 
and a lower thrust and hopefully an improved specific 
impulse for the other interplanetary maneuvers. The 
isotope decay rocket, the nuclear rocket, and electrical 
devices have this capability. If specific impulse does 
not change unfavorably it can be shown that this 
throttling leads to a saving in vehicle weight and size.*® 


(c) Relation of Specific Impulse and Mass Ratio 

The space vehicle mission will dictate the velocity 
increment that is to be delivered by the interplanetary 
transfer propulsion system. From this velocity incre- 
ment AV it is possible to derive the specific impulse, 
the mass ratio of the propulsion system, and the staging 
of the propulsion vehicle. 


kR=n 


> c, In [(Mo),/(M,),] 


hb =1 


AV = (Cj In [(Mo): 


AV 


l| 


(M,)i] + ce In [(Mo)2/(My)2] + 
C3 In [(Mo)s (M,)s] << 


AV = Required velocity increment 
c = Rocket exhaust velocity = 
Specific impulse (sec.) XK 32.2 
Mo . Initial mass 
= Mass ratio = — 
M, Final mass 
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Subscripts n, 1, 2, 3, etc., refer to the number of stages. 

Fig. 9 gives a plot of the required velocity versus the 
required mass ratio for different specific impulses. 
The same specific impulse is assumed for all stages of a 
multi-stage vehicle. It can be seen from this figure 
that different propulsion systems require different mass 
ratios to achieve the same nominal mission. Or, in 
other words, different payloads can be carried by differ- 
ent propulsion systems of the same initial mass for the 
same velocity requirement. It can be seen that for very 
ambitious velocity requirements, such as a Venus round 
trip, some of the low energy types of propulsion systems 
are no longer suitable because they would require too 
many high-performance stages in order to accomplish 
the mission. At the bottom of Fig. 9 is indicated the 
number of stages that are likely to be realized with 
reasonable structural allowance. It can be seen that 
the high energy propulsion systems permit a consider- 
able improvement by having a lower number of stages 
and also (this is not shown on this chart) in the pay- 
load that can be carried. 

The actual mass ratios of space vehicles can be found 
only by detail work (studies, designs, and development) ; 
the values in Fig. 9 are only a guide of what is required. 

The velocity increments that are required for fast 
trips along non-minimum energy trajectories increase 
rapidly (and the payload decreases) as the flight time 
is diminished. This is shown in Figs. 10 and 11 where 
a hypothetical Mars round trip is indicated. The in- 
formation was taken from reference 39 but was slightly 
modified to allow for trajectory corrections, and delays 
at the target. The assumptions made for this calcu- 
lation are listed in the reference. It can be seen that 
a decrease of travel time can more than double the ve- 
locity requirements. A specific mission therefore must 
also be defined in terms of the exact orbit and the time 
it takes to traverse it. This particular Mars mission 
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and any other mission can have an infinite variety of 
actual flight paths and, therefore, energy requirements. 
It can be seen in Fig. 10 that a shortening of the trip 
time requires also considerable sacrifice in payload. A 
50 per cent increase in specific impulse would be needed 
to permit a 25 per cent reduction in transit time. A 
faster trip does not merely mean a greater expenditure 
of energy for the transfer orbit, but also additional 
energy for changing the velocity vector of the vehicle 
once it gets near the target planet. It can be seen from 
this Figure that with present day power supply sys- 
tems (specific weights of 20 to 30 lb./hp.) and present 
propellants (300 to 400 sec. of specific impulse) allow 
a reasonably fast but not a very fast round trip to Mars. 

It must be borne in mind that the same interplane- 
tary rocket engines can be used for more than one of the 
seven different maneuver requirements listed in a 
previous section, and in some cases even for four or 
five. This means that such an engine is used inter- 
mittently and therefore must be capable of restarting. 
The propellant and the energy that is not expanded in 
earlier maneuvers can be available for the remaining 
maneuvers. For example, if very little navigational 
correction is required on a specific trip, and if the posi- 
tion of the planets at the time of launching was favor- 
able so that little energy had to be expended to change 
the inclination of the orbital plane, then this extra 
energy could be applied to decrease the time of the re- 
turn trip. The problem is similar to the determination 
of the amount of spare fuel that must be carried by an 
airplane to account for headwinds, different flight plans, 
delays, etc. Even if two or more separate stages were 
used, it would still be possible to shift the flight path 
to accommodate unusual energy expenditures during 
any one specific maneuver. It is not known at this 
time, however, if a guidance system will be capable of 
coping with a variety of different flight plans that are 
fostered by trying to achieve a good utilization of all 
available propulsive energy and/or working fluid. 

As was described previously, the low thrust-to-weight 
ratio engines are particularly suited for interplanetary 
transfers and the higher thrust engines for operation in 
a fairly strong gravitational field. This means that 
different engines will be used for different maneuvers. 
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(chemicals) and different specific powers (electrical systems), as 
a function of the round trip travel time to Mars. 
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ROCEET PROPULSION 
A multiple-stage vehicle will be favored where each 
stage uses an engine best suited for its specific set of 
maneuvers. If, for example, it is desired to send an 
exploratory probe to become a satellite of Jupiter 
(AV & 155,000 ft./sec.) it would be reasonable to have 
one or two chemical or nuclear rockets for Earth escape, 
an electrical system for the transfer orbit and its cor- 
rections, the same electrical rocket stage for an ap- 
proach to Jupiter and the vehicle’s capture into a satel- 
lite orbit, (perhaps even a separate chemical rocket to 
augment this maneuver) the same electrical rocket for 
the escape from the Jupiter satellite orbit and the re- 
turn interplanetary transfer, and even some of the 
slowing down maneuver, and finally perhaps another 
chemical rocket for the capture maneuver into a de- 
This would involve 
an overall mass ratio of about 200. With a big chemi- 
cal booster of 1,500,000-Ib. thrust it would be possible 
to bring perhaps 5,000 Ibs. back to earth after a Jupiter 
exploration trip of perhaps three and a half years. 

A feeling for the payload that can actually be sent 
to Mars can be obtained from Table 4. This is based 
Here it was as- 


creasing orbit about the Earth. 


on calculations done by V. Larsen. 
sumed that a given weight is in orbit about the Earth 
at 300 mile altitude and that different types of engines 
are used to get into a satellite orbit about Mars. The 
payloads are those that can actually be transported 
into the satellite orbit. The electrical systems have 
the highest payload capacity and therefore look very 
attractive for the future, even though it is a complex 
device with nuclear radiation hazards. 

From Fig. 8 and Table 2 it can be seen that the 
velocity requirements increase appreciably for the 
further planets and the escape velocity requirements for 
the heavier planets are many times larger than those 
of the planets in the inner solar system. This means 
that for missions to the outer solar system, the energy 
requirements are much larger. Wherever large energy 
requirements are involved it is expedient to apply the 
rocket engines with the highest specific impulse 
namely, the electrical systems. It would therefore 
be appropriate to divide interplanetary missions into 
three separate categories as follows: (1) missions in 
the immediate vicinity of Earth and the moon, (2) 
interplanetary missions within the inner solar system 
(between Mars and the sun), and (3) interplanetary 
missions to the outer solar system (beyond Mars). 

For the first category of missions, chemical systems 
are more than adequate and accelerations below ap- 
proximately 0.01g are too small to be useful in satellite 
or moon missions. These missions therefore are 
largely restricted to using chemical or possibly nuclear 
or solar heating engines. 

TABLE 4 


Payload Fraction for a Mars Satellite Mission Using the Same 
Initial Weight in an Earth Orbit 


Chemical (solid and liquid ) 9-13% 
High Energy Chemical 16% 
Nuclear Fission 25% 
Ion 32% 
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For the missions in the inner solar system, accelera- 
tions of about 0.000lg are satisfactory to give good 
acceleration because sufficient time and distance is 
available in interplanetary flight to achieve high flight 
velocities with these small accelerations and therefore 
short transit times. This allows then the use of all 
power plants except a few types of electrical systems 
which have very heavy energy sources and power con- 
version systems and have thrust-to-weight ratios less 
than this value. 

For missions to the outer solar system, however, al- 
most any kind of a system that has an acceleration 
greater than 10~°g would be satisfactory to achieve fast 
transit times. Here again, sufficient travel time is 
available that these low accelerations can give very 
respectable velocities when applied over the period of 
several months or even years. The electrical propul- 
sion systems, therefore, are uniquely qualified, and, in 
fact, at this time they have no serious competition for 
the more complex missions to the outer solar system. 


Environmental Conditions 


The engine, as well as the rest of the vehicle, is ex- 
posed to some very unusual environmental conditions, 
as follows. 


(a) High Vacuum 


Prolonged exposure to a high vacuum will require 
materials which will not evaporate or change their 
characteristics. For example, certain soldered joints 
have soldering materials with vapor pressures which 
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can be higher than those prevalent in empty space. 
Therefore, these materials will disappear very slowly. 
Certain other materials reportedly lose some of their 
strength properties in a high vacuum, and this needs 
further investigation. The selection of materials will 
thus be influenced by the vacuum. 


(6) Zero Gravity 

Over most of the interplanetary trajectory the gravi- 
tational acceleration in any one direction will be either 
This can cause certain 
For example in closed 


zero or very close to zero. 
engine component problems. 
cycle power generating systems where liquids are 
evaporated by heat and again condensed, there is the 
problem of separating the vapor from the liquid. 
Without gravity this separation becomes more difficult. 
There is also the problem of taking liquid from a par- 
tially empty tank. Many present-day components 
such as switches or valves rely on gravity to perform 
some of their functions. This will no longer be possible 
in space flight and new design techniques will have to be 


applied. 


(c) Thermal Equilibrium 

The ambient temperature of the vehicle is controlled 
by the emmittance (or absorptance) of the surface 
materials which receive thermal radiation from the sun 
and reject radiation to outer space and by the ability 
of the parts inside the vehicle to distribute heat between 
the surface and the bulky hardware. The thermal 
equilibrium of the engine therefore depends very much 
on the basic overall thermal design of the interplanetary 
vehicle, and provisions have to be made for seeing that 
no one part is heated excessively by solar radiation and 
no other part in the shadow of the vehicle becomes too 
cold. Because certain parts of any power producing 
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machine are generally very hot, there exists the prob- 


{ 


lem of taking the internally generated heat and dissi- | 


pating it properly. 


(d) Radiation 

The engine will be subjected to various kinds of 
electromagnetic radiation and corpuscular impacts, 
such as ultra-violet light, cosmic rays, gamma rays, 
protons, etc. Exposed organic material, for example, 
may undergo change if subjected to strong ultra-violet 
rays. This is a problem that is not peculiar to the en- 
gine alone, but affects the whole space vehicle and a 
solution must be found for resisting this incident radi- 
ation and the harmful secondary induced radiation. 


(e) Meteorites and Meteoroids 

The impact of small but relatively fast moving par- 
ticles presents a hazard to all space vehicles and their 
components. Statistical evaluations based on _pres- 
ently known data on meteorites and meteoroids show 
that every interplanetary vehicle will suffer impact 
damage. A penetration by a small particle could cause 
loss of gas pressure or liquid propellants or stress con- 
centrations in highly loaded skins and structures. It 
could cause ignition of solid propellants and it can 
render most pieces of machinery inoperative. 
a satisfactory precautionary or remedial solution can 
be found for coping with this impact problem, it will 
be necessary to provide for duplicate systems, to mini- 
mize the size and the exposed surface area and also 
rely on heavy walls to prevent penetration of smaller 
particles. All three of these courses of action may be 
actually used. By putting several propulsion systems 
in series or parallel within the same vehicle stage, it 
will be possible to fulfill the mission, even though one 
or more of the individual propulsion systems will be 
inoperative. The reliability of a multiple engine sys- 
tem is examined in the next section. 

Fig. 12 shows the results of calculations made by P. 
Sandorff with the existing knowledge of meteoritic 
particle distribution using the methods proposed by 
Whipple.” Shown is the required thickness on the 
outside wall of a space vehicle to prevent penetration. 
The data on which these calculations are based are ad- 
mittedly incomplete. 

It may be fortuituous that heavy structures are 
needed with certain types of propulsion systems—for 
example, chemical propulsion systems that require 
heavy tanks or heavy cylindrical thrust chamber cases 


Until | 


(as in solid propellants) or nuclear reactors, which may | 


require much shielding. In these cases it would be 
possible to combine structure or a shield against radi- 
ation with meteorite resistance. 

In general, it is fair to say that most of the environ- 
mental problems are not too well understood today, 
even though a lot of work is now going on in many lab- 
oratories. Until a few actual interplanetary probes 
bring back data, this will continue to be a somewhat 


mysterious area. 
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ROCKET PROPULSION 


Design and Operation Evaluation 


This covers some of the practical factors, such as 
various specific engine requirements, development and 
operational requirements, reliability and growth po- 
tential. A general comparison can be found in Table 
5. Here an examination of each specific point is not 
warranted, because the designations are somewhat 
arbitrary. But it is intended to convey the impression 
that none of the systems are ideal and all have some 
uncertainties and limitations. Of course these design 
and operational requirements will vary from mission 
to mission and have to be tailored to the specific appli- 


cation. 


a) Restart Capability 


As mentioned previously, many missions require 
application of thrust at different time intervals. There- 
fore, a typical interplanetary rocket has to be capable 


of restarting several times during a space flight journey 
of several years. In liquid propellant this brings about 
the problem of ignition in a vacuum or the expulsion of 
liquids in tanks at zero gravity. In those propulsion 
systems that involve nuclear power, it requires the 
starting up and the shutting down or partial shutting 
down of a nuclear reactor. There is little need for a 
fast rocket startup of a few seconds or a fast shutdown 
in space because there is lots of time. 


(b) Thrust Vector Control 

As previously mentioned in the mission velocity re- 
quirements, the propulsion system has to have pro- 
visions for applying torque and thrust in directions 
other than that of the original direction. Therefore, 


TABLE 5 
Comparison of Technical Features 
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interplanetary propulsion systems may have to permit 
a vector change of thrust direction and also a means 
of applying torques or moments to the vehicle in order 
to turn it around for either navigational observations 
or for the application of thrust in an entirely different 
direction. For certain types of trajectory, it will be 
necessary to vary the amount of total impulse (change 
magnitude of thrust or duration) that can be delivered 
by the interplanetary propulsion system at any one 
firing so that large or small corrections can be made to 
the trajectory, or so that the pilot in a manned inter- 
planetary vehicle has the option of changing the course. 


(c) Acceleration During Boost 

The interplanetary propulsion system must be cap- 
able of withstanding the accelerations that are imposed 
upon it while being accelerated as an upper stage of a 
booster or sustainer during the take-off from a planet. 
For example, this requires special design provisions for 
carrying thin tanks. 
(d) Volume 
Because these vehicles have to be transported by a 
booster or a sustainer through the atmosphere, it is de- 
sirable to have the propulsion system occupy a small 
volume so that it can be easily stored in the booster 
vehicle and so that it presents a minimum of target 
area for meteoritic matter. It is interesting to note 
that those propulsion systems which are small in occu- 
pied volume are not necessarily those that are the 


lightest. 


(e) Reliability 

One good indicator of reliability problems is the 
relative complexity of the various propulsion systems. 
Fig. 13 compares a number of the major subsystems 
in several of these propulsion systems and also the 
number of energy conversion processes that have to be 
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Energy conversions in various rockets. 


Fic. 14. 
achieved for each particular rocket type. The energy 
conversion processes are illustrated in Fig. 14 to show 
the types of conversion that were considered. These 
subsystem numbers are somewhat arbitrary, and the 
range shown in this chart allows for variation in concept 
and system design. 

It can be seen that the electrical systems are con- 
siderably more complicated than the other propulsion 
systems. This is primarily due to the fact that they 
require fairly complicated and separate electrical power 
sources. From an inspection of a number of subsystems 
it is obvious that the chemical rocket and the solar 
heating rocket and perhaps also the isotope decay de- 
vice are considerably simpler than the other devices. 
The liquid monopropellant rocket system looks par- 
ticularly attractive because of its simplicity, ability to 
restart, and design flexibility. 

On the basis of these relatively crude comparisons 
of the complexity of the subsystems and the number 
of energy conversion processes, it can be concluded 
that the chemical rocket will be attractive for a long 
time, because of its inherent simplicity, and that other 
propulsion systems will be an order of magnitude less 
reliable for a long time to come. 

The amount of reliability needed for accomplishing 
a long and complicated space journey is extremely high 
and exceeds in some cases the reliability of some of 
the best equipment now being used on the earth, such as 
telephone switching equipment. The time necessary 
and the number of tests necessary to convince ourselves 
(on earth) that the equipment will have the required 
reliability is indeed very large. It is therefore a ques- 
tion as to what reliability will eventually be obtained 
from the space vehicles and whether it is desirable to 
do extensive long duration testing on the ground in 
order to be assured of success in an eventual flight. It 
is more desirable (and it may be cheaper) to test de- 
vices in an actual flight vehicle, without having too 
many tests on the ground under simulated conditions, 
and to design duplicate systems to improve the reli- 
ability. Therefore, many components and systems 
will be tested in a satellite station prior to an inter- 
planetary trip. A rocket engine satellite test station 
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will probably become a necessary development tool} 
of the future. 

If multiple engines are used in sequence, the overall} 
reliability suffers because of the increased: complexity, | 
unless spare engines are also used. While this means 
that extra weight has to be carried along, it enhances 
the chances of the success of the mission. | 

The probability of failure P is plotted in Fig. 15; 


it is computed from the relation 
— n F 
P= > (”) (1 — r),(r)” 
k=m+1 | 
where 
n = number of engines in a given stage 
m = number of spare engines in a given stage| 
n — m = number of engines required to fulfill the 
mission 
r = reliability of a single engine (probability| 
that it will work)—assumed independ-| 
ent of 
k = random engine designation 
(") ’ : roe n! 
= binomial coefficient = ———— 
k k! (n — k)! 


It can be seen that multiple rocket engines with one 
or two spares have improved reliability compared to 
single engines. If a single engine has a reliability of 
0.990 (1 failure in 100 tries) then 6 engines with 1 spare 
or a total of 7 engines will fail only once in 500 tries or 
5 engines with 2 spares will fail only once in 2,930 
operations. If the initial single engine reliability is 
poor, then clustering of multiple engines does not help 


too much. 
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Also shown in Fig. 15 is the penalty in the mass ratio 
that has to be incurred by duplicating many of the com- 
ponents. This curve shows the percentage decrease 
in mass ratio as a function of the number of engines. 
The upper curve refers to simple, relatively highly 
stressed hardware, such as a monopropellant pressur- 
ized gas system, and the lower regions refer to engines 
which contain heavy nuclear reactors, whose critical 
mass is fairly independent of the flow or thrust. The 
other engine types probably fall in between. 

When choosing the number of multiple engines one 
to balance between reliability and increased 
weight. It is reasonable to prefer a number of engines 
over a single engine when long trips are involved, 
and particularly when meteoritic damage can put a 


has 


single engine out of operation. 

An alternate scheme of improving reliability is to use 
the concept of the multiple vehicle expedition as pro- 
posed by von Braun‘! and originally performed by 


Columbus. This scheme is only applicable to manned 


| vehicles, where it is presumably possible to transfer 


1 spare| 
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people from one vehicle to another. 


f) Growth and Design Flexibility 

In selecting a propulsion system, obviously those will 
be favored that show the technical capability of im- 
proved performance and improved application versa- 
tility at future times. It has been the experience that 
it is easier with certain propulsion systems to improve 
the fuel economy or the specific impulse, the relative 


TABLE 6 
Development Status of Various Rocket Engines 





- * 
z z ~~ 2 
2 ° z2 
x | & $2 | 82 | & 
rw] ro) w rw z 
Y = o = o> -s 
< > z = Za 
2 a» =z =< bP; 
w w = = 
Fs = oe 3h 5 3” 
=f v za we 5a oY 
< a ov > & =a >< 
z < z< ww a] we 
< oO wu or ar aw 
Lowe PROPELLANT olo]|olo|lolo 
SLID PROPELLANT O1O|O0/o0/o0/o 
uencrnoreLia O10;/0/0|\|e .@ 
reson 010'02'0@\/e@ e 
eS Se ae i 
Fusion 2080 @ 80 ® 
rocre wrrcocer |@1O\O @| @ @ 
a Ss fines 4 
ARC HEATING @ @Q Q ee * * 
4 4 4 a a Se 
MAGNETO- PLASMA O @ St a 2 & 
4 | SS Se See ee 
” O8@'Oo @ @ ®@ 
ee eee eee ee 
SOLAR HEATING O @ @ Q & * 
+ + + + Ee | 
| 
san sa 20@ @ ee 


| 
| 
| 
} 
+ 


, a so dew 


© COMPLETED, AVAILABLE 


Q UNDER WAY 


& NOT ACCOMPLISHED OR AVAILABLE 


PROPULSION SYSTEMS FOR 


INTERPLANETARY FLIGHT 623 

















= x 40 ow LY 0 
’ Yl 
MEMICAL 
FISSION 
SOTOPE DECA 
aR EA 

BEES overa 
Fic. 16. Relative efficiencies of power conversion for different 


propulsion systems. 


weight of the propulsion system per unit thrust, the 
power output, or, in this case, the thrust, and to add 
such features as variable thrust and variable thrust 
direction at a later time. 

It is often desirable to use the propulsion system for 
purposes other than providing a push to the vehicle. 
Into this type of function fall such items as providing 
auxiliary power to the vehicle, providing the ability for 
directional control and stability, providing high pres 
sure fluids to the vehicle and serving as a heat source 
to other subsystems of the vehicle. A number of the 
propulsion systems are fundamentally limited in their 
growth capabilities and design versatility as indicated 


by Table 5. 


g) Status and Development Effort 

The development effort that is expended is closely 
tied in with the desired reliability. As shown in Table 
6 some of the interplanetary engine concepts are still 
very much in their infancy and will need research and 
invention as well as development effort before they 
can be considered practical. Only the chemical rocket 
engines are fairly thoroughly explored and can be de 
signed with a reasonable degree of confidence today. 


h) Energy Conversion Efficiency 

There are many losses in the process of energy con 
version from the source to the propulsive form. As 
was previously mentioned, any inefficiency unfortu- 
nately contributes to increased weight, poorer mass 
ratio, or inferior specific impulse. Of all the various 
propulsion systems the chemical propulsion systems 
can be relatively very efficient, as shown in Fig. 16. 
The most inefficient process appears to be in the genera- 
tion of electrical power necessary for the ion, arc heat- 
ing and magneto-plasma propulsion systems. If a 
way could be found to improve the weight per unit out- 
put of this process of generating electricity, then all 
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electrical propulsion systems would become consider- 
ably more attractive since the power source weights 
could be decreased by a large factor and the acceleration 
and versatility of electrical rockets for space flight 
application would be considerably improved. 


Conclusions 


The various propulsion systems that have been dis- 
cussed—namely, the liquid and solid propellant rockets, 
the nuclear fission rocket, the radioactive isotope decay 
rocket, the arc heating rocket, the ion rocket, the mag- 
neto-plasma rocket and the solar heating rocket—all 
operate on essentially different basic principles and 
therefore their characteristics as engines are different. 
Those that give high exhaust velocity (the electrical 
devices) require heavy power machinery, are complex, 
convert only a small percentage of their available energy 
into a propulsively useful form, and can give only low 
accelerations. They therefore require a longer time 
to maneuver in a strong gravitational field. The 
chemical and fission rockets on the other hand give high 
accelerations and very light machines, but relatively 
low specific impulse. The solar and isotope decay 
heating devices have intermediate capabilities. The 
monopropellant liquid rocket offers simplicity but also 
low performance, and will find use as a navigation error 
correction device and an attitude control mechanism. 
The solar sail is simple but its versatility is limited be- 
cause of the low and essentially unidirectional forces 
that can be obtained, and the variation of these forces 
within the solar system. 

Because of the unusual environmental conditions, 
the design concepts of the interplanetary engine will be 
different than those that are in common practice today 
for ballistic missiles. The environmental conditions 
will force us to find new discoveries, different materials, 
novel fabrication techniques, new failure detection 
methods, or new lightweight tanks, and these engines 
will look very different compared with present-day 
devices. 

Different stages of the same vehicle will use different 
engines, each designed to fulfill one or more specific 
interplanetary maneuvers in the best possible way. 
Standard interplanetary stages will be designed and 
modified slightly for different missions. For the same 
basic weight in an earth orbit, the electrical systems 
will be capable of carrying the most payload (the 
chemical systems will carry the least) to a given inter- 
planetary target. For the long range outlook, they 
are the most attractive in performance. 

Only the chemical rockets are developed to the 
state where they are considered ready for interplanetary 
service. The solar heating and isotope can probably 
be developed soon, but only in the low thrust regime. 
The nuclear fission rocket and the electrical devices 
with their nuclear power source will not be ready for 
interplanetary flight for some time to come. Small 
low thrust electrical systems using solar energy may 
become practical sooner. Larger solar energy optical 
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systems also need considerable further effort. None 
of the experimental propulsion systems can be rejected 
at this time until technological progress proves them 
unsound. Even the concepts of photon rockets and | 
fusion devices, which are considered impractical today, | 
may become practical with further discoveries. 

All the various systems seem to offer some growth 
potential in improved performance, efficiency, lower 
But the real need seems to 


engine weights, or thrust. 
be for a simple lightweight high energy source to re- 
place an airborne nuclear reactor. Because of the 
complexity and development difficulty of some of these 
devices, it may be a long time before they become suffi- | 
ciently reliable to fly. Because of the strong neutron | 
and gamma radiation hazard, nuclear rockets will prob- 
ably not be used with manned vehicles. 

There appear to be three regimes of interplanetary 
travel for which the engine requirements will be differ- 
ent. The interplanetary transfer orbit maneuver will 
be performed differently for missions in the immediate 
vicinity of the earth, such as moon flights; it will be 
different for missions in the inner solar system and 
different again for missions in the outer solar system. 
High specific impulse units with very low accelerations 
in the order of 10~*g will be desirable for fast missions 
For missions in the immediate 


to Jupiter and beyond. 
vicinity of the earth, acceleration in excess of 10~g will 
be required. The missions, therefore, in terrestrial 
and lunar space can and will be performed largely 
with chemical rocket units. Those in the inner solar 
system will again be performed largely with chemical 
propulsion units for the immediate future with some 
of the other propulsion engines becoming superior at a 
later time. However, for missions to the outer solar 
system it is essential that some high-performance 
rocket engine such as the electrical units be developed. 

It can be anticipated that there will be two basically 
different types of missions to any one of the planets. 
One will convey people and will require fast transit time 
and therefore a large amount of excess energy. These 
will be multiple stage units and they will initially con- 
tain no nuclear rockets in order to avoid radiation prob- 
lems. The second category one might call ‘freight 
vehicles” and they will be used to carry various types 
of equipment and supplies to the planets, and they 
should use electrical and nuclear propulsion. 

Because of the reliability problem of running a power 
plant for several years and because of the meteoritic 
penetration problem, it will become desirable to use 
several propulsion systems on the same vehicle stage 
in such a manner that a failure of any one system will 
not cause a failure to achieve a mission. Mission re- 
quirement cannot be determined completely accurately 
and some spare energy capacity will have to be carried 
along. If this reserve is not needed during a specific 
flight then it can be applied on the return trip to achieve 
a faster home journey. 

It will become necessary to establish space labora- 
tories for the development and testing of interplanetary 
rocket engines. These probably will be specially con- 
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ROCKET PROPULSION SYSTENM 
trolled satellites that permit operation of engines in the 
proper environment. In fact, it is likely that a major 
portion of the satellites about the earth soon will become 
test devices for the development of hardware for inter- 


planetary missions. 
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Shroud Tests of Pressure and Heat Transfer 
Over Short Afterbodies With Separated 
Wakes’ 


MARTIN H. BLOOM* ann ADRIAN PALLONE** 
Polytechnic Institute of Brooklyn 


Summary 


Experimental measurements of pressures and heat-transfer 
rates over three blunt afterbodies of small fineness ratio in fully 
separated wakes are presented. The afterbodies are generally 
similar in shape but have different stepdown heights from the end 
of the forebody. 

Tests were made by means of a new shroud technique over a 
range of Reynolds Numbers closely corresponding to typical 
flight conditions at Mach Numbers on the order of 20, considering 
models on the order of 5 ft. in diameter at about 120,000 ft. alti- 
Stagnation temperatures on the order of 1,300°R. to 
Surface temperatures varied between 


tude. 
1,600°R. were employed. 
560°R. and 800°R. 

Strictly speaking, the test flows correspond to prototype flows 
which would be created by a forebody consisting of a sharp or 
slightly blunted 54° half angle cone which turns cylindrical for a 
short distance and then connects with the afterbody. Judiciously 
interpreted, the results may be considered to have a somewhat 
wider applicability for approximation purposes. The results are 
presented and compared with each other in terms of nondimen- 
sional variables based on flow conditions at the end of the fore- 
body. 

The pressure distribution along an afterbody is seen to be 
roughly uniform in each run. For a given point on an afterbody, 
the ratio of pressure to the stagnation pressure at the forebody 
end (or exit) decreases with increasing stagnation pressure or 
Reynolds Number. The present pressures and pressure-Reynolds 
Number variations (Fig. 8) are compared with values obtained 
from Chapman’s Mach 2 or 3 base-pressure data; qualitative and 
some quantitative agreement is noted. In the Reynolds Number 
range comparable to those of the present tests, Chapman’s exit 
boundary layers were considered to be laminar. An approximate 
check of the heat-transfer rate at the forebody end in the present 
tests also indicates a laminar rate. No information was obtained 
concerning the possible transition of the free-mixing separated 
boundary layer covering the wake. An adverse pressure gradient 
on the cylindrical end of the forebody [Figs. 7(a) and 7(c)] was 
observed. 

Heat-transfer rates are seen to be roughly uniform over an 
afterbody in each run, although some increase in the streamwise 
direction is noted. The afterbody Nusselt Number (NV) varies 
with the Reynolds Number (R, evaluated at the forebody end) 
roughly in the manner N ~ R,® where generally w > 1| (Fig. 13). 

Heat rates on the rear faces of the afterbodies are almost 
twice the values on the sides. The heat rates on the large-step 
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1959. 
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body are higher than those on the body of zero stepdown height. 

In an addendum, it is shown that the Prandtl-Meyer expansion 
angle of the flow leaving the afterbody increases with increasing 
test Reynolds Number, and that the corresponding local Mach 
Number square increases linearly with Reynolds Number. The 
effect is to keep the local wake Reynolds Numbers virtually con- 
stant with increasing test Reynolds Number while the afterbody 
heat rates increase sharply. The expansion angle on the after- 
body of zero stepdown height is significantly smaller than on the 
stepped down bodies; this may affect the decreased heat rates on 
this body 


Symbols 

A = factor in Eq. (1) 

Ce = pressure coefficient (p — p,)/[(1/2) patta?] 

ra = constant pressure specific heat 

dD, = maximum forebody diameter (in the present con- 
figuration this value occurs at the exit shoulder) 

h = enthalpy 

k = conductivity 

L = distance along the surface from the noise stagnation 
point to exit 

M = Mach Number 

N = Nusselt Number gDo(cp)./(h. — hy)ks 

Nu* = Nusselt Number based on local conditions (nota- 
tion of reference 10) 

p = pressure (psia) 

q = surface heat flux, B.t.u_/ft.? sec. 

RK, = Reynolds Number based on exit conditions, 
PatlaDy Ma 

Rp = Reynolds Number based on local wake conditions 
pap) o/up 

a = Reynolds Number based on local conditions and 
length from nose stagnation point to local position 
(notation of reference 10) 

Rr = Reynolds Number based on L; pysu;L/py; 

Ry = stagnation Reynolds Number Do( p,~/h,/us) 

R;/Do = Reynolds Number per ft. p.~/A,/us 

s = distance along surface of base measured from rear 
stagnation point 

ra = temperature (°R.) 

u = velocity 

x = distance along axis of shroud 

im = viscosity coefficient 

p = density 

Av = Prandtl-Meyer expansion angle at exit 

Subscripts 

a = exit 

B = base (local conditions at wake boundary or within 
wake) 

f = of flight 

§ = stagnation 

SC = stagnation in chamber prior to shroud 

w = wall 
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-—Rapemanemnange STUDIES concerning the flow field 
properties in the blunt-base region of a body in 
supersonic flow are usually made by subjecting a 
complete model to a test flow which is as close as 
possible to the flight Mach Number and Reynolds 
Number of interest. * In this way, an attempt is 
made to duplicate the essential features of both the 
| inviscid flow and the viscous-inviscid interactions in 


| the base region. 


It has been reasoned that the dominant parameters 
for the afterbody flow field behavior are those at the 
that is, in the vicinity of the 


end of the forebody 
rear shoulder from which the lateral boundary layer 
of the body is shed downstream.” * Conditions at 
the rear shoulder are often termed the “exit conditions.” 
This point of view implies that the explicit influence 
of the undisturbed flow properties and of the flow 
around the forebody are not of primary significance. 
Rather, they are of importance only in so far as they 
establish the exit flow conditions. Moreover, any 
upstream flows which lead to the establishment of the 
same or ‘similar’ (from the standpoint of model 
scaling) exit flows should serve to produce similar 
base-region flows over geometrically similar bases. 

A point which warrants attention in this approach 
is the nature of the characteristic length which is 
most suitable for the correlation of the base phe- 
nomena with respect to Reynolds Number effects. 
Several proposed linear quantities have been: the base 
diameter (D,) at the shoulder, the stepdown height, 
A, from the shoulder to the afterbody if such geometry 
is present, the exit boundary-layer thickness, 6,, 
and the linear distance LZ along the surface from nose- 
stagnation-point to exit. The distance L is not related 
to 6, in a simple way, since the relation depends on the 
boundary-layer history over the forebody. 

Chapman, Kuehn, and Larson‘ have presented data 
on the ratio of base pressure to exit pressure (p/)p,) 
for two-dimensional bodies with various short wedge- 
shaped afterbodies having different stepdown heights. 
The tests were made over a range of Reynolds Numbers 
at Mach 2 for each afterbody. However, only one 
measurement position for the base pressure was used in 
Presumably, there was no flow reattach- 
ment on the afterbodies. The data for p/p, falls 
into a reasonably systematic band when plotted against 
the [((L/Do)/(pattaDo/ ba) |'”” 


each case. 


following parameter e 


| ° ° ° 
| where, in this case, Dy denotes the body thickness at 


that the 
inde- 


indicate 
extent, 


These results 
pressure ratios are, to a considerable 
pendent of the stepdown height and are not very 


the exit position. 


| sensitive to changes in afterbody shape in this two- 


dimensional case. Furthermore, since L/D) was con- 


| stant over a range of Reynolds Numbers for the tests 
|of reference 5, the explicit effects of L/Do or 6./Do 


| on 


the results cannot be estimated. However, for 


small values of 6,/Do, this effect is not expected to be 


large. A decrease in p/p, with increasing FR, is shown, 
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indicating a closing-in of the wake. In the rather low 
R, range of these tests, laminar flows would be expected. 

A further point of interest is the influence on the 
wake characteristics of the shape of the inviscid stream- 
lines located at some radial distance out from the exit 
shoulder of the body and extending downstream as a 
streamtube enclosing the wake region. The form of 
this streamtube and the flow properties along it in the 
region immediately downstream of the exit shoulder 
are determined by the upstream flow field. The 
streamtube properties this initial 
region are influenced by both the forebody flow and the 
The extent 


downstream of 
viscous-inviscid interaction in the wake. 
of the streamtube portion which is determined by the 
forebody flow alone depends upon the exit Mach 
Number which delineates a Mach line extending down- 
stream from the exit shoulder and intersecting the 
streamline in question. 

On the basis of the assumption that the contours of 
the inviscid streamtubes enveloping the wake are 
insensitive to the wake flow details—at least over the 
initial streamtube section previously cited 
mental procedure has been devised for the purpose of 
duplicating an inviscid streamtube in the wake region 
and examining the wake properties associated with 


an experi- 


this streamtube shape. The procedure consists of 
enclosing the afterbody region of the model in a con- 
toured channel which has the effective shape of one of 
the base-region streamtubes, a correction being made 
in general for the boundary-layer displacement effects 
on the channel wall. The shroud contour may be 
determined on the basis of an inviscid analysis or, 
conceivably, with the aid of full-model experiments. 

In practice, the initial portion of the shroud may be 
computed as a continuation of the inviscid forebody 
supersonic flow field since the viscous wake flow does 
not affect this region. The downstream portion of the 
shroud, which is affected by the wake, reflects its 
disturbances obliquely downstream. Therefore, the 
influence of those disturbances can felt in the 
initial part of the wake only by virtue of a feedback 
For after- 


be 


through a subsonic portion of the wake. 
bodies of small fineness-ratio for which the detached 
exit boundary layer of the wake does not re-impinge 
on the body, and for which the wake regains its super- 
sonic velocity within a few body diameters downstream 
of exit, the effects of the downstream section of the 
shroud do not influence the flow over the afterbody. 
Thus, for small fineness-ratio afterbodies, the down- 
stream segment of the shroud need not be established 
with great accuracy. The sensitivity of the wake 
properties to the exact upstream contour of the shroud 
requires investigation; it is not dealt with further in 
this report. 

The possibility of shrouding the base region was 
mentioned initially by Ferri and Libby® ° in a general 
discussion of the shroud method of testing forebodies 
and other aerodynamic surfaces. In connection with 
flows other than wakes, the shroud method consists 
of impressing on a body a prescribed pressure and 
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velocity distribution in order to simulate the required 
boundary-layer characteristics. This is accomplished 
by channeling the flow around the body by means of a 
contoured shroud which establishes the appropriate 
area-ratio distribution of the channel over the body. 
In this manner, a desired heat flux or shear stress 
distribution can be applied to the body together with 
the associated pressure distribution. The shroud 
method has the advantage that large models can be 
utilized with relatively small amounts of test fluid. 
Furthermore, test Reynolds Numbers equivalent to 
those encountered in flight can be achieved since the 
channeled flows are usually in the subsonic or low 
supersonic range. With this technique, Reynolds 
Numbers can be varied according to a desired program. 
However, nonuniform entropy distributions in a flow 
field cannot be duplicated with the technique now 
being utilized. 

The objective of the present investigation is to deter- 
mine experimental pressure distributions and _heat- 
transfer rates on blunt afterbodies (three) with a 
fineness-ratio of about | under zero angle-of-attack 
conditions. It is desired to simulate Mach Number 
and Reynolds Number conditions equivalent to those 
in flight but using stagnation temperatures on the 
order of 1,400°R. to 1,600°R. Primary consideration 
is given to the pressure and heat-transfer distributions 
over the afterbodies and to the effects of changes in 
Reynolds Number. For the pressure, comparisons 
are made with other base pressure results obtained in 
full-model tests. 

In the present tests, an inviscid streamtube is dupli- 
cated from a position near the forebody sonic region to 
a position two exit shoulder diameters downstream of 
the exit shoulder. Following the previous reasoning, 
the detailed contour is significant here only for points 
up to about 1 diameter beyond the exit station. The 
shroud is continued downstream of the two-diameter 
position with a cylindrical contour for an additional 
five diameters. 

The particular shroud-shape utilized 
established by Robert Byrne of General Applied 
Science Laboratories, Inc. A 54° half-angle sharp 
cone was considered as a forebody shape. The design 
flow was at Mach 20 yielding an attached bow shock. 
The resulting conical flow field was obtained by neg- 
lecting real gas effects and assuming a constant specific 
heat ratio of 1.4. 

The flow field was continued beyond the sonic line 
and around the break in the cone surface by the 
method of characteristics including rotation. The 
particular streamline for the shroud shape was selected 
by establishing the magnitude of the mass flow which 
was to be supplied by the test facility (PIBAL), 
and thereby setting the flow area between the body 
and the chosen stream surface. The basic shroud 
shape was the same for the three afterbodies studied. 

A boundary-layer displacement correction was not 
applied to the shroud for the following reasons: (1) 
a comparable error is incurred in neglecting real gas 
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interpretation of the results in terms of flight condi- | 
tions is desired; (2) the same shroud contour is utilized | 
for the study of flows over a range of Reynolds Num- 
bers. Therefore, boundary-layer cor- 
rection would vary from test to test. 
In the design flow-field calculation, constant y= 1.4 | 
and a sharp conical forebody were assumed mainly | 
for reasons of simplicity. However, it was judged 
that real gas effects would not alter the shroud shape | 
enough to have a significant influence on the after- | 
body data trends. Additionally, it was considered 
that for practical purposes the flow field in the skirt 
“slightly | 






effects in the determination of the basic contour if an 


' 


the required 


region of a sharp cone is the same as that of a 
blunted”’ cone. A criterion for “‘slight’’ blunting can 
be established by regarding the flow through the 
central streamtube which passes through the non- 
conical region of the detached bow shock, and, thus, 
has a lower stagnation pressure than that behind the | 
conical part of the shock. If this streamtube is suffi- 
ciently small, it will be swallowed by the boundary | 
layer before it reaches the end of the cone and the | 
blunting can be considered ‘‘slight.’’ In this case, it is 
sufficiently accurate to consider that the inviscid 
flow is the same as that of a sharp cone. This flow 
which is isentropic in the forebody region can be 
duplicated by the base-shroud. 

As previously mentioned, the shroud technique as 
now constituted cannot be used to duplicate the 
explicit presence of vorticity which may exist in the 
actual prototype flow field. However, it can be used 
to simulate streamline shapes which may have been 
influenced by the vorticity. Thus, it is of use, in 
applying the shroud method, to distinguish between 
the explicit and implicit effects of vorticity. 

Despite the restrictions previously cited concerning 
the class of forebody flows covered by the present 
shroud setup, a reader may wish to draw an inference 
from the present afterbody results to assess analogous 
effects for flows created by more blunt nose-cones. 
Severai effects of the blunting may be considered in 
this regard: 

(1) It is recalled that the present forebody consists 
of a 54° half-angle cone over which the flow is sub- 
sonic up to the end of the conical part whether the 
cone is sharp or blunted. Thus, the sonic region is 
located at the end of the conical surface in both the 
sharp and blunt configurations. | 

(2) The changed stagnation-pressure distribution in 
the flow field leaving the forebody is a parameter of 
importance. For large amounts of blunting, the 
inviscid flow in the region near the body will have a 
relatively uniform stagnation pressure whose value is 
that behind the most normal portion of the bow shock. 
The changed stagnation-pressure level in the absence 
of vorticity is taken into account in the subject tests 
since the present shroud represents the flow field near 
the body. For intermediate degrees of bluntness, 
stagnation-pressure gradients will be present in the 
flow field; these cannot be duplicated with the present 
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SHROUD TESTS OF 
setup, although the average change in stagnation- 
pressure level can still be taken into account. 

In the subject 54° half-angle-cone configuration, 
stagnation pressure gradients caused by blunting 
would be relatively mild compared to those on more 
slender cones. A change in shock angle from 90° 
to 60° (corresponding to a 54° cone half-angle with 
y = 1.4 at Mach 20) would cause an increase in stagna- 
tion pressure by a factor of about two behind the 
shock. A decrease in shock angle from 90° to 45° 
would raise the stagnation pressure by a factor of six. 
This may be compared to a stagnation-pressure de- 
crease by a factor of 10,000 across the normal shock at 
Mach 20. 

(3) The effect of the blunting on the streamline shape 
duplicated by the shroud is of interest. In _ this 
regard, primary consideration can be given to the part 
of the streamline directly following the forebody and 
not influenced by the wake or base pressure. It is 
believed that for the present forebody cone-angle, 
this part of the streamline will not be severely in- 
fluenced by blunting when vortical effects are not 
strong near the body. However, this is strictly a 
matter of the author’s judgment for the purpose of 
this discussion and must be subject to future confirma- 
tion or revision. In making this assessment, it is 
assumed that the body geometry in the sonic region 
remains unchanged, and thet the sonic position and 
shock geometry in the sonic region will not be 
strongly altered by the blunting. Thus, the flow 
field immediately following the sonic region would not 
be altered greatly by blunting the present cone. 

(4) Finally, the effects of vorticity on the mixing 
charactetistics of the free boundary layer over the 
wake may be considered. This vorticity does not 
appear near the boundary layer when the forebody is a 
sharp cone, or when it is very blunt, as previously 
stated. It may arise for intermediate degrees of 
bluntness but is not expected to have a first-order 
effect on the free mixing. 

The laminar, transitional, or turbulent nature of the 
boundary layer which comes off the forebody and forms 
the free-mixing region bounding the wake is an impor- 
tant factor in determining the wake properties. This 
factor will be discussed further in the body of the paper. 
However, it may be mentioned here that no boundary- 
layer trips were used in the present tests. 

In the present test series, maximum model diam- 
eters (those at the exit shoulder) are 5 in. Fore- 
body stagnation pressures, corresponding to those 
which would exist on the body surface in flight, were 
varied in a range between 40 and 105 psia. 

The authors wish to acknowledge the suggestion of 
this investigation by Dr. Antonio Ferri. Also ac- 
knowledged with thanks is the cooperation of Messrs. 
Robert Byrne and Ira Nathan of General Applied 
Science Laboratories, Inc., in planning and designing 
the test setup. Dr. Paul A. Libby provided helpful 
discussions. The main hardware for the test rig was 
initially designed, built, and used in a series of tests 


PRESSURE 


AND HEAT TRANSFER 629 
sponsored by the General Applied Science Laboratories, 


Inc., and the General Electric Company M.O.S.D. 


Experimental Procedure 


Experiments for this investigation were conducted 
in the hypersonic facility of the Polytechnic Institute 
Laboratory. Use was 
source’ 


of Brooklyn Aerodynamics 
made of a high-temperature-pressure air 
producing stagnation temperatures up to 3,000°R., 
stagnation pressures up to 600 psia, flow rates on the 
order of 10 Ib./sec., and runs up to 2 min. in duration. 
Attached to this air supply is an axially symmetric 
Mach 6 nozzle with a 1.5 in. diameter throat and 
12 in. diameter test section. The shroud rig for the 
present test series was inserted into the existing nozzle 
The throat of the existing nozzle may be 
As a result, it serves as a valve for 


(see Fig. 1). 
closed by a plug. 
starting the tests and as a safety orifice to limit the 
mass flow through the heater. A vacuum exhaust 
system is employed. 

In practice, the shroud and model form a second 
throat downstream of the Mach 6 nozzle throat. 
Therefore, a shock forms in the low supersonic portion 
of the Mach 6 nozzle so that the expanded portion of 
the nozzle serves as a stagnation chamber for the 
shroud rig. The shroud stagnation pressure is thus 
four to eight times lower than the actual heater supply 
pressure in this setup. The magnitude of this ratio 
depends on the throat area formed by the shroud and 
model. 

Photographs of several components of the test rig 
are shown in Figs. 2(a), 2(b), and 2(c). 


Shroud Coordinates 


As previously outlined, the shroud coordinates were 
established using a forebody configuration consisting 
of a sharp 54° half-angle cone with a flat base. The 
inviscid flow field was calculated for Mach 20 with a 
constant value of the specific heat ratio equal to 1.4. 
The initial part of the flow was obtained as a conical 
flow. Beyond the sonic region near the edge of the 
skirt, the calculation was continued by the method of 
characteristics including The flow was 
expanded around the corner of the skirt and the deter- 
mination of streamline shapes carried on up to positions 
two body diameters downstream of the end of the 
Beyond that position, a cylindrical contour 


rotation. 


cone. 
was used. 

By considering a change in flow deflection from the 
cone half-angle of 54° to the horizontal, it is seen 
that the local Mach Number changes from 1.13, 
its value on the cone, to 3.34, with a corresponding 
Mach angle of 17.4°. Wake disturbances will not 
influence the streamlines upstream of the Mach line 
making an angle of 17.4° with the horizontal. For 
streamlines near the body, this limits the wake in- 
fluence to point further downstream than 1.5 diameters 
from the cone end. Even beyond this position, dis- 
turbances generated by the wake will probably be 
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SHROUD TESTS OF 
reflected downstream a sufficient distance that they 
will contact the wake after it has become supersonic 
again, and, thus, not likely to affect the wake flow 
near the body by feedback. 

The shroud coordinates Mach 
Number distribution on the shroud are shown in Fig. 3. 


and theoretical 


With a model base diameter of 5 in. selected on the 
basis of wind-tunnel dimensions, a gap of 0.50 in. 
was selected at the sonic line to permit mass flows on 
the order of 10 Ib./sec. during the tests. Boundary- 
layer corrections were not made on the shroud in view 
of the fact that a comparable error is incurred in 
neglecting real gas effects in a Mach 20 calculation, 
and that test Reynolds Numbers are varied during a 
test series requiring a varying correction. 

Estimated and measured pressure and Mach Number 
distributions along the shroud are shown in Figs. 5 
and 6. It is also noted that the model shapes used 
here have a short cylindrical section prior to the after- 
body [see Figs. 4(a), 4(b), and 4(c) J. 


Models and Instrumentation Points 


The three models tested are shown in Figs. 4(a), 
1(b), and 4(c). Also shown are the locations of surface 
pressure taps and surface heat-flux meters. Pressure 
taps were located along the shroud, as shown in Fig. 3. 
The models are constructed of stainless steel type 304. 


Measurements 


Pressures on both the shroud and models were 
measured by means of mercury manometers and are 
accurate within + 0.05 psi. The stagnation pressure 
ps. in the region just prior to the shroud was con- 


tinually recorded by means of an electrical transducer. 


Heat-transfer measurements were made by means 
of the transient, insulated plug technique described, 
for example, in reference 8. In this method, the tem- 
perature history of the exposed surface of a plug (heat 
meter) within the model is recorded during a test. 
The plug is cylindrical and is insulated from the thick 
model wall by means of a small air gap, except for a 
thin region near the exposed surface which is in contact 
with the remainder of the model surface. The plug 
material is the same as that of the model. Iron- 
constant thermocouples are used here. Care is taken 
that the initial temperature throughout the plug and 
model is uniform. The heat-transfer rates at the 
exposed surface are determined by the solution of a 
classical one-dimensional heat conduction problem. 
The interior surface of the plug is assumed to be 
perfectly insulated. 

Two types of data reduction procedures were em- 
ployed. The first consisted of solving the heat con- 
duction problem by using an analog computer with the 
conduction problem setup in finite difference form. 
This procedure was used largely for long runs in 
which the surface temperature rose appreciably. A 
check on these values was made by means of a hand 
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computer for which an integral form of the heat 


conduction solution, for example, as described in 
reference 10, was used. 

A second data reduction procedure was used for 
short tests during which the heat-transfer rates were 
small and surface temperature rises were small. Under 
these conditions, it can be assumed that the surface 
heat flux (not necessarily the heat-transfer coefficient) 
is constant with this the surface 
temperature varies proportionally to the square root of 
the time, and the slope of the plot of 7, vs.V/t¢ is pro- 
portional to the heat-transfer rate. 

The results of the two 
data reduction were in good agreement with each 
other. The individual values of the heat flux ob- 
tained by these procedures are believed to be accurate 
within + 15 per cent of the true value. The stagnation 
temperature 7, in the region just prior to the shroud 
was recorded continuously on a strip chart recorder. 
The stagnation pressure and temperature probes are 
shown mounted on the model support in Figs 2(a), 


2(b), and 2(c). 


time. In case, 


methods of heat-transfer 


Types of Runs 


Two types of test runs were made for heat transfer: 
(1) Runs at constant p,, were made. These were 
relatively short, on the order of 30 sec. overall if only 
heat rates were measured, or on the order of 60 sec. 
if pressures were measured as well. (2) Runs were 
made during which the pressure p,, was varied from 
40 to 105 psia in approximately 100 sec. overall. 
During these runs, the pressures were permitted to 
remain constant for a time at two or three levels to 
the pressures to stabilized at these 
values. However, the heat rates obtained from the 
continuous temperature traces of the heat meters 
yielded a continuous variation of heat-transfer rate 
with p,. or Reynolds Number. 


allow become 


The surface temperatures on the afterbodies during 
the constant p,, tests were low, on the order of 550°R., 
and remained low and uniform during the first 10 sec. 
of the test; the initial part of the test was used for 
heat-transfer data reduction. This maintenance of 
low afterbody temperatures was due to the magnitude 
of the absolute heat fluxes being applied and to the 
heat sink effect of the thick model wall. Temperature 
rises between one and 5°R./sec. were observed. 

During the long variable p,, runs, cumulative tem- 
perature rises of as much as 200°R. were experienced. 


Presentation and Discussion of Results 


The list of runs and run conditions are given in 
Table 1. The pressures ~,, shown are those existing 
in the chamber immediately prior to the shroud. 
These are comparable to the stagnation pressure be- 
hind the bow shock and existing along the forebody 
surface in the sonic region of the body. The Reynolds 
Number per ft. is defined as R,/Dy = ps\/h,/ Us. 
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TABLE 1 
List of Runs 


Run Psc(psia) T.(°R.) (Rs/Do) X 1076 Remarks 
Model | (no step) 
1 40-100 1,500 9.4-22.0 for temperature only 
2 79 1,570 16.32 for temperature and 
pressure 
3 105 1,520 32.04 for temperature and 
pressure 
Model 2 (medium step) 
1 98 1,300 25 for pressure only 
2 17-68-89 1,310 12-17 .3-22.7 for pressure only 
3 45-67-88 1,290 11.8-17.5-23 for pressure only 
Model 3 (large step) 
1 18-97 1,430 10.3—3.23 for temperature only 
2 15-67 1,430 10.1-15.1 for pressure only 
Pressure 


A typical measured pressure distribution on the 
shroud is shown in Fig. 5. It is compared to that 
estimated by R. Byrne in the shroud design and is 
seen to be in reasonable agreement with the theoretical 
values, at least up to station N, which is about one 
diameter downstream of the model exit. The cor- 
responding Mach Number distribution is shown in 
Fig. 6. 

The measured pressure distributions on the models 
are shown in Figs. 7(a), 7(b), and 7(c). Only one 
point was measured on the cylindrical shoulder of 
Model 2. As a result, the variation in pressure along 
this shoulder cannot be seen there. However, two 
points were measured on Models | and 3 and these 
show a marked adverse pressure gradient. The 
pressures increase by factors of 1.3 to 2. This appears 
to be due to an overexpansion followed by a recompres- 
sion to the theoretical Prandtl-Meyer value which 
yields a shoulder Mach Number of 3.3, as previously 
noted. A weak shock or series of compression waves 
would be expected to be present in this region. These 
would propagate downstream at an angle comparable 
to the exit Mach angle. 

The pressure distribution on the afterbody is fairly 
uniform. No marked differences in pressure are noted 
on the flattened rear faces of the afterbodies. The 
afterbody pressure levels are on the order of 1/4 to 
1/2 of the exit pressure. The ratio of afterbody 
pressure to p,. decreases with increasing values of )s.. 
This trend can be seen more clearly from the plot of 
P/Pse VS. Pse for various pressure tap locations, as shown 
in Figs. 8(a), 8(b), and 8(c). 

The pressure ratio p/p,, is seen to decrease in a rather 
systematic way with increasing values of p,... The 
value of p,, characterizes the test Reynolds Number. 
Curves of the stagnation Reynolds Number per ft. 
R, vs. Ps: for various values of 7, in the test range are 
shown in Fig. 9. The relation between the exit 
Reynolds Number R, and the stagnation value k, 

for various exit Mach Numbers M, is shown in Fig. 
10. For M, = 3.3, R,/R; = 0.15. Furthermore, the 


interpretation of RX, in terms of flight conditions, based 
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on conditions behind a conical shock and, alternatively, 
behind a normal shock which would occur at the nose 
of a blunt body, are shown in Fig. 11; real gas effects 
assuming thermodynamic equilibrium were used in 
constructing Fig. 11. 

Shown for comparison in Figs. 8(a), 8(b), and 8(c) 
are estimated values of the pressure ratio p/p,, ob- 
tained by the use of data given by Chapman in ref- 
erence |. The procedure employed in using Chapman's 
results to obtain estimates under the present test 
condition involves the use of Reynolds Number and 
Mach Number interpolations. It may be noted that 
the forebodies used by Chapman were generally slender. 
As a result, the free-stream test values were the same as 
the exit values (subscripts a and f are equivalent). 
The result of Chapman’s base pressure tests at various 
M, for a body with a fineness ratio of 3.1 and RK, = 
5 X 108 are shown in Fig. 23.1. With the Mach Num- 
ber 7, obtained experimentally here a base pressure 
coefficient can be determined from the above-men- 
tioned figure. The Reynolds Number effect on the 
base pressure coefficient can then be estimated from 
Fig. 19' which presents base pressure data for /, = 
M, = 2.0 for various R,;. With this figure, it is as- 
sumed that the Reynolds Number effect at a given 
Mach Number can be expressed as follows: 


[(pp — Pa) (1 2) Pata” | test Ray 
Al (pp — pa)/(1/2) pata?) Rp = 5x10 (1) 


where 4 depends on the test KX, and denotes the ratio 
of the pressure coefficient at two different RK, and at a 
constant Mach Number. The results of this estimate 
are shown plotted in Figs. 8(a), 8(b), and S(c), and are 
seen to be in qualitative agreement with the present 
results. 

The variation of base pressure coefficient with 
Reynolds Number (,) measured by Chapman (Fig. 
19)' shows a strong increase in this coefficient with 
increasing RK, in the lower RK, range of the region 
designated as laminar. The comparable Reynolds 
Numbers (X,) of the present tests fall in this lower 
range. Since the average base pressure trend with R, 
obtained in the present tests are in qualitative agree- 
ment with estimates based on Chapman’s values in 
this range, it can be surmised that the boundary layer 
at exit in the present tests is laminar. 

In comparing the pressure levels on the afterbodies 
having three different step-heights, it is seen from 
Figs. 7(a), 7(b), and 7(c) that the pressure ratios 
b/Psc are close to each other for the three models at 
the higher values of p,, (or R,). However, at the 
lower values of p,, the no-step pressures are higher by a 
factor of two than those of the stepped afterbodies. 
The difference increases with decreasing values of 


Pse- 
Heat Transfer 


The heat-transfer results are plotted in terms of a 
Nusselt Number based on stagnation conditions with 
the exit diameter as a reference length—that is, N = 
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SHROUD TESTS OF 


Do G€ps/ (ts — Aw)ks. This quantity is uniquely related 
to the analogous parameter based on exit conditions— 
that is, Do gepa/(hs — hw) kg if a fixed exit Mach Number 
is specified. 

The Nusselt Number distributions over the after- 
bodies are shown in Figs. 12(a) and 12(b). As pre- 
viously stated, stagnation temperatures during the 
tests ranged from 1,300°R. to 1,600°R. while surface 
temperatures ranged from 560°R. to SOO°R., yielding 
ratios of 7,/7,, between 1.8 and 3.0. Although heat- 
transfer measurements were not made on Model 2, 
it is believed that the Reynolds Number effects on 
heat transfer will be qualitatively similar for the 
three models tested. 

As shown in Figs. 12(a) and 12(b), the Nusselt 
Number over Models | and 3 increase somewhat in the 
streamwise direction. The values on the flattened 
rears of the afterbodies are almost twice the values on 
the conical sides. 

To indicate more clearly the effect of variations in 
N and p,, for a given heat meter location, the effects 
on N of varying p,. are plotted in Fig. 13. In these 
figures, the Reynolds Number R, is used for the abscissa 
rather than the pressure p,,.. The variations of Nusselt 
Number with Reynolds Number are roughly expressible 
in the manner VN ~ R* where w > 1. The Nusselt 
Numbers for comparable values of R, are higher on 
the large-step afterbody (Model 3) than on the no- 
step afterbody (Model 1). 

Only a single value of N was obtained on the cy- 
lindrical shoulder during the present tests. This 
was obtained during a constant pressure run on Model 
1 and is shown in Fig. 12(a). Because of errors in- 
curred by'conduction through the Model from the 
forebody, the results of variable p,. runs could not be 
used to obtain additional values on the shoulder. 

This value of NV on the shoulder agrees closely with a 
theoretical value obtained using a well-known equation 
for laminar flat-plate heat-transfer based on exit flow 
conditions and a length equal to the surface distance 
from the nose of the model mount to the exit station. 
This is an additional indication (see previous comment 
concerning pressure variation) that the boundary 
layer at exit is laminar. 

No information has been obtained concerning the 
behavior of the free-mixing layer beyond the exit 
station. It may have been laminar, transitional, or 
turbulent. Moreover, no examination of the detailed 
features of the flow within the separated wake was 
made. 


Addendum 


After the present paper had been completed, related 
papers by Rabinowicz’ and Powers, “Stetson, and 
Adams” became available to the authors. Both de- 
scribe shock tube investigations. 

Reference 9 describes several preliminary measure- 
ments of heat-transfer rates on the flat base of a side- 
supported hemisphere-cylinder over which the flow 
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was turbulent. These indicated that the rates near the 
periphery were on the order of one-half or one-third 
the rates on the cylindrical surface, while at the base- 
center the rates were on the order of those on the 
cylindrical surface. 

The study of reference 10 was of a more detailed 
nature. It consisted of an extensive series of heat- 
transfer measurements on stepped-down cylindrical 
afterbodies (two different step-heights) extending from 
a hemisphere-cylinder forebody (length equal to 
diameter) and connecting to the model support. The 
afterbodies were sufficiently long so that the separated 
flows became reattached. Schlieren and shadow ob- 
servations were made, while pressures were estimated 
or taken from other tests. Several aspects of this 
study are of interest in connection with the present 
work. 

(1) In reference 10, the observed flow deflections of 
the free-mixing reattached boundary line were in- 
variant with test Reynolds Number for either laminar 
(20°) or turbulent (15.5°) boundary-layer flow over 
In the present detached flows, the 
shown in 


the forebody. 
changing pressure ratios measured and 
Fig. 8 indicate Prandtl-Meyer expansion angles at 
exit increasing almost linearly from about 5° to 17° 
with increasing stagnation pressure or exit Reynolds 
Number (Fig. 14). This trend is in agreement with 
that indicated by Chapman in the laminar low Reyn- 
olds Number range of his tests (Fig. 19).' In fact, 
this trend is considered here as one evidence that the 
exit boundary layer is laminar, the other item of evi- 
dence being a laminar heat rate at the end of the 
forebody. (See also reference 11.) 

(2) In reference 10, local Reynolds Numbers beyond 
the end of the forebody, based on contour length over 
the forebody, are associated with natural transition or 
turbulent flow over the forebody for values above 4 X 
10°. This corresponds to values of 6 to 8 X 10° at the 
forebody end. The comparable Reynolds Numbers of 
Chapman (Fig. 19)! for transition and turbulence are 
above 4 X 10°, at Mach 2—that is, about five times 
higher. Differences of this kind in various wind- 
tunnel tests are not uncommon. 

(3) The afterbody heat-transfer results of reference 
10 are presented in terms of local inviscid flow variables 
over a solid surface replacing the separated wake 
boundary. The results of the present paper are given 
in terms of stagnation conditions which are related to 
conditions at the end of the forebody by Fig. 10 when 
the exit Mach Number is known. It is of interest to 
express the present results in terms of local wake 
conditions as determined by the measured wake 
pressures, and to compare them with the results in 
Fig. 10 of reference 10. For this purpose, the pressures 
and heat rates of the first two or three test points be- 
yond the forebody are considered. A significant result 
is observed—namely, that for each afterbody the local 
Reynolds Number over the wake is virtually invariant 
with respect to ~p,, or stagnation Reynolds Number 
(approximately here for a given 7; and uh ~ ’ aatad 
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and present data. 


Rp~ V b.Ps), while the local Mach Number and flow 
deflection increase almost linearly with p,. (Fig. 14). 
Thus, the afterbody heat rates vary over a wide range, 
for example, in the notation of reference 10 from Nu* = 
90 to 750 for a given R,, = 5.5 X 10°. Therefore, for 
completely detached wakes, the local wake Reynolds 
Number alone does not seem to be a suitable correlation 
parameter. Rather increased heat rates are associated 
with increased local Mach Numbers over the wake 
and with a closing in of the wake. These factors 
probably affect the circulation mechanism in the wake 
region between the free mixing boundary and the body 
at a given local Reynolds Number Kz. The heat 
rates range from well below to well above the laminar 
predictions but stay below the local turbulent estimate 
(see Fig. 16). 

Thus, it seems that the Nusselt Number 
Number trend shown in Fig. 10 (see also Fig. 16 
here) depends strongly on the Reynolds Number 
independence of the wake Mach Number as estab- 
lished by the wake reattachment for either laminar 
In the present detached wakes, 


Reynolds 


or turbulent flow. 
there exists an additional factor engendered by the 
wake convergence, which is Reynolds Number de- 
pendent. 

(4) It remains to be pointed out that the data of the 
present paper fall into the Reynolds Number range 
classified as transitional or turbulent in reference 10. 
It is somewhat difficult to reconcile this fact with the 
aforementioned evidences of laminar flow in the 
present tests. 

(5) The previous discussion concerning wake con- 
vergence was applicable to the part of the wake im- 
mediately following the forebody. The pressures 
generally are somewhat higher on the rear face of each 
afterbody, and the heat rates are also higher. How- 
ever, even the highest measured heat rate (on the rear 
face of the large-step model at high /,,) is less than the 
estimated local turbulent flat plate value (Fig. 16). 


Conclusions 


(1) The feasibility of simulating hypersonic wake 
flows by the shroud technique is demonstrated in 
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connection with a study of pressures and heat-transfer 


rates over three short afterbodies with different step 
down heights. 

(2) Pressures along an afterbody are roughly uni 
form in a single test but are somewhat higher on the 
rear face. 

(3) For a given point on an afterbody, the ratio p/),, 
decreases with increasing p,, or K;. This effect is 
associated with a Prandtl-Meyer expansion angle at 
exit which increases with /,, indicating a closing-in of 
the wake boundary. In the present tests, this angle 
increases from 7° to 17°. The local Mach Number 
squared just beyond the forebody-end varies linearly 
with p,, or Rk, in the range of the tests. However, the 
local Reynolds Number over this wake region is 
almost invariant with p,,.. The expansion angle is 
smaller on the zero-step-height body than on the 
others. 

(4) The pressure-Reynolds Number trend is similar 
to that observed by Chapman! in the laminar range. 

(5) An adverse pressure gradient on the cylindrical 
end of the forebody was observed. 

(6) Heat rates (obtained on two afterbodies) are 
roughly uniform over an afterbody in a single run. 
Some increase in the streamwise direction is noted. 
Heat rates on the rear face of an afterbody are almost 
twice the values on the sides. Rates on the large- 
step body are higher than those on the zero-step- 
height body; this effect is possibly associated with the 
increased closing in of the wake boundary on the large- 
step body. 

(7) Afterbody Nusselt Numbers (V) vary with test 
Reynolds Number (X&,) roughly in the manner V~ 


R,° where, generally, w > 1. 
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Optimum Path of an Airplane— 
‘ime to Climb 


THEODORE THEODORSEN* 


Republic Aviation Corporation 


Minimum 


Summary 


In this paper, the theory of variation is applied to the determi- 
nation of the minimum time to climb for an airplane of constant 
It is evident that when sufficient boundary conditions 
are given—that is, for the beginning and the end point of the 
there is one and only one curve corresponding to the mini- 
Because of the relative complexity of the 


weight 


path 
mum time to climb. 
resulting differential equation, it is convenient to generate such 
paths by a step-by-step procedure. The end point is then brack- 
eted by proper choice of the higher derivatives at the origin 

It is evident that any decrease in weight during the time of the 
flight may also be properly bracketed by solving for the two 
limiting cases of initial and final weights of the airplane. It 
will be observed, however, that the decrease in weight is actually 
too small to be of significance on the shape of the path. The 
solution is in a form which readily lends itself to routine machine 
calculation. Numerical calculations have been completed fer a 
large number of cases pertaining to the Republic F-105 fighter- 
bomber. Experimental flight tests are in the planning stage 


(1) Introduction 


tigers PROBLEM Is to determine the path of an air- 
plane of given performance which corresponds to 
the shortest time between the end points of the path. 
This condition corresponds to finding the minimum of 
the Euler-Lagrange integral 


*H 
i= | [dh/(v sin y) ] 


0 


where /: is the height, v is the velocity, and y the angle 
of the path with the horizon. In this integral, there 
exists a relation between v and jy. 
relation is complex, and one has to resort to the use of 


In this case, the 


Lagrange multipliers. 

It is also evident that the minimum time of flight 
between two points depends upon the boundary condi- 
tions prescribed at each point. If the solution were 
obtained in explicit form, it will contain a sufficient 
number of arbitrary constants to fit the condition at 
the two extreme points. If the differential equation 
is to be solved by a step-by-step procedure, it is neces- 
sary to bound the constants pertaining to the boundary 
condition at the second point by an appropriate selec- 
tion of the values of the higher derivatives at the 


origin. 


(2) Performance Parameters 


To establish the relation between v and y, one must 


write down the equations governing the motion of the 
Received September 9, 1958. Revised and received December 
3, 1958. 
* Director of Scientific Research. 


airplane. These are: 


T-—D W (W/g) (dv/dt 


sin y + 


and L W cos y + (W/g)v(dy/dt) (2) 


Here 7, D, and L are the thrust, drag, and lift, 
respectively. JV is the weight of the airplane. There 
is also another relation indicating the decrease in the 
weight of the airplane as the fuel is consumed: 


dW /dt —pT (< 


where yu is the specific fuel consumption in Ibs. of fuel 
per sec. per Ib. of thrust. 
Next, we shall introduce conventional coefficients 

Cr, Cp, and C,. 

Cr = T/[(1/2) pv?S], etc., with 8 2W’/ pS 

Cr = (T/W) (8/2?) 
We shall further use derivatives with respect to / in- 
stead of time derivatives. 


(d/dh) -(dh/dt) v -(d/dh) 


sin ¥ 


d/dt 
The three equations then read: 
Cr — Cp (B/v?) [sin y + (vd/g) sin y] 
Ci 


uCr = —(W/W) (6/2) sin 7 


] 
| 


= (8/v*) [cos y + (v?/g)y sin 7 


The dependent variables v and y will now be changed to 


or € y" 


v= v/« 
p = 


and cosy p —¥y sin ¥ 


One then has 


Cr — Cp = (8/)0V 1 — p? [1 + (€/2¢)] (4) 
CL = (6 6) |p — (ep g) | (5) 
Cr = —(W/W)B(V1 — p?/Ve) (1/u) ~— (6) 


In regard to the third equation, extreme numerical 
complications occur if this is included in the solution of 
the problem. For an airplane, the relative decrease in 
weight during the climb is a small fraction of the total 
weight. Note further that the W only occurs in the 
factor 8 = 2W/pS. If W were known in advance as 
a function of h, there would be no error. 
approximation, it would be possible to give W and, 
therefore, 8 very accurately as a function of h. (Dots 
are used in the following to denote derivatives with 


In a second 


respect to h.) 
In fact, from Eq. (6): 






















W = —(1/2)CrupSv/e/V1 — p? 
Therefore, 
8B = (d/dh) (2W/pS) = —(2W/p2S) (dp/dh) + 
(2/pS) (dW/dh) 
or 
B= —Crn(We/V1 — p?) — 
(2W/p2S)p = —Cru(v/e/V1 — p?) — B(p/p) 


In a step-by-step integration, it is, therefore, feasible 
to adjust 8 and 8 to the proper value which includes 
the decreasing value of Win 8. Likewise, for 8 


B = —B[(p/p) — (6/p)?] — B(o/p) — (1/2)Crm X 
{fee V1 — p)] + [2 pp/V (1 — p?)*]} 
In a first-order approximation (W = constant), the 


terms containing u may be left out. 

Thus, 8 involves the quantities 8, B, and functions of 
e and p which are all given at each step. Strictly 
speaking, the Euler-Lagrange relation should also be 
minimized with respect to W and WW. 

The use of another Lagrangian multiplier to take the 
term (6) into account may actually be handled in an 
entirely similar manner. The d’s may be eliminated, 
and a single equation results. However, the com- 
plexity of this relation is not justified as the numerical 
results can be obtained with much greater simplicity 
by the method of correction for W. We shall, there- 
fore, not directly include the term lV in the following 
treatment. 


(3) Solution of the Euler-Lagrange Equations 


We shall now proceed to solve the minimum problem 
relating to the climb of an airplane. For reference, we 
shall restate the important conditional relations used 
in conjunction with the direct solution of the Euler- 
Lagrange equation. These are from Eqs. (4) and (5): 


Cr — Cp = (B/e) V1 — p* [1 + (é/22)1 (7) 
Cr = B[(p/e) — (b/g)] (8) 


The equation for the time reads with one Lagrange 
multiplier 


= fan V1 — p] + 

M Cr — Cp — (8/e) V1 — pl + (é/2g)]})dh (9) 
where Cp is a function of 7 and C, 
and Cr = Bi(b/e) — (b/g)} 


Calling the integrand G, one has then the following 
conditions for minimum value of the integral between 
zero and //, 
0G/d0« = (d/dh) (O0G/2e) 

and 0G/d0p = (d/dh) (OG/Odp) (10) 


Carrying out the partial differentiation, one has 
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(cs; = speed of sound) 
0G/Oe = —(1/2) (1/VWe) (1 vs x p?) + 
Mf [(O@Cr/OM) — (OCp/2M)] [1/(2V € c)] + 
(OCp/OCz) (Bp/e) + (B/e) V1 — p?X 
[1 + (é/2g)]}=A + AB (11) 
0G/% = —d(B/e)V1 — p? (1/2g) = —AC (12) 
where C = +(6/e) Wi p? (1/2g) 


0G/dp = p/[We Vil p?)*] — 
X(8/e) {(@Cp/OCz) — (p/W1 — p®) X 
[1 + (é€/2g)]}=a + rd (13) 


0G/Op= A(OCp/OC_z) (B/g) = —de (14) 
where c = —(0Cp/OC_z) (8/z) 
The Euler-Lagrange equations then read: 


A+ AB + (d/dh) (AC) = Ol 
and a+ b+ (d/dh) (\c) = OF 


A + Bo +. AC = 01 
a+ Ab+ rc =O 


(15) 


II 


r developed: 
1) ope ( 16) 


Elimination of 


where B) = B+ C, and & = b+ é. 
\ and } brings the following relation: 


{(Aby — aBy)/(Chy — cBo)} + 
(d/dh) }(Ac — aC)/(Cbo — cBo){ = 0 (17) 


with xz = (Abo _ aBy), 'g = (Cho — cBo), Zz == (Ac —_ 
aC) the Eq. (17) may be written: 


(X/V) + (d/dh) (Z/VY) = 0 


or (X/Y) + (Z/Y) — (2/Y2)¥ =0 
and (X/Z) + (Z/Z) — (Y/Y) = 0 
where y = Cho de Chi ov By — Cee 


With B, = B + C and & = 6b + é, YF simplifies to 
Y=C6+0+4+Cb6+@ -e¢(B+OQ-cB+O) 
or Y=C(d+2@-—cB+6)+ Cb—- cB 

Also, 

Ac + Aé — aC — aC 

= A(b+ é) —a(B+C) 


Cjbb+¢)—c(B+C) 
= Ac — @C 


II 


II 


NSN 
| 


One thus has the relation: 
(X+Z)Y=ZY or WY=ZY 
where W = (X + Z) = A(b+ 6) — a(B+ C) + 
Ac + Aé = 6C — oC 
or W = A(b + 2¢) — a(B + 2C) + Ac — GC 
We shall use the equation in the final form: 
Y=WY/Z 


or written out 





fc 


a 


pe 


(13) 
(14) 


(15) 


(16) 


on of 


(17) 


aC 





OPTIMUM 


Cb +¢)—c(Bt+ C)+ Cb — ¢B = 


or with ¢ containing the highest derivative 
Cé=- Gh +cB+C)- Co+ Bt" 


Rearranged with certain cancellations: 


Cé = —-Ch + c(B+C)+ 


1C(b + 2é¢) — cB + 2C)} {A(6+ 6 — a(B+ C)} + (Ac — aC) [C(O+ & — (B+ 0)] 
‘Ac — Ca} 
t ‘ 


The highest derivative p is contained in the quantity 
é on the left side and nowhere else. Thus, é or can 
always be calculated when the lower derivatives of c 
and p are given. This separation is important in a 
stepwise integration procedure. 

The expression for c is 


c = —(0Cp/OC_) (8/g) 
or, also, c = —(28/g)KC, 
where K is a function of Mach Number only. (See 
later.) 
Then c = —(26?/g)K\(p/e) — (>/g)} 


With all other quantities constant, one has, there- 
fore, 


c= (28°/g*)Kp + lower order terms 
The quantity 


Ac — aC.= (1/2)(1/We8) (1 Wt = p?)(28/g) KCL — 
(p/Vell/Va — p)] x 
(8, avi - p?(1/2g) = (1/We*) X 
(1/V1 — p*)(8/g)[KC. — (1/2)p/M1 — p?] 
with p = cos y and Vi - p? = sin y one has 


Ac — aC = (1/8) (1/sin y) (8/g) X 
[KC, — (1/2) cot y] = Lo 


which may be introduced in Eq. (18) that now reads 
LyCe = —L[Ch — (B+ C)] + {Cb + 2) — 
c(B + 2Cy} {A(b+ 6 — a(B+C)} + 


(Ac — aC) {C(b+ 6) —c(B+C)} (19) 


Eq. (19) together with the conditional relations (4) 
and (5) constitute the solution of the problem. The 
independent » with three derivatives and the inde- 
pendent e with two derivatives occur in the two equa- 
Three boundary conditions are therefore re- 
Because of the 


tions. 
quired for » and two for the « curve. 
conditional relation (4), only four constants are needed 
for a given case. Both p and « are evidently smooth 
and well-behaved functions of simple nature. The 
cosine of the angle y evidently lies a little below unity, 
and the velocity parameter « lies between certain fixed 


values. The fact that the functions are smooth and 
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14(b + 2¢) — a(B + 2C) + Ac - aC} 1 C(b +é¢)—c(B+ C)} 


{Ac — Ca} 


{.4(b + 2é) — a(B + 2C) + Ac — aC} [C(b+ é — (B+ 0} 


‘ 
»Ac _— Ca} 


(18) 


well behaved makes a step-by-step integration con- 
venient and permits the use of large intervals or steps. 


(4) Physical Significance of Parameters 


Improper choice of initial conditions will lead to mini- 
mum curves of only mathematical interest. If, for 
instance, at any point h the values of p, p, and « lead 
to a value of C, [Eq. (5)| which is greater than the 
maximum value of C;, of the particular airplane, the 
solution must be discarded as having no physical mean- 
ing. Similarly, if the quantity «f or the product of the 
quantities « and # exceeds a certain value, then also the 
solution ceases to have a physical meaning. It is seen 
that, with « = v? and # = 1/R negative (with center 
of curvature above). 


ep = v?/R (20) 


corresponds to an upward acceleration normal to the 
airplane 


a, = 0°/KR 


and to a corresponding downward mass force. If a, 
exceeds the permissible structural limit, the answer 
must be discarded. Note the negative p corresponds 
to an upward acceleration, and that, therefore, a 
negative p gives an increase in this acceleration along 
the path (equivalent to the pilot moving the stick 
rearward.) 

Thus, in summary, it is noted that the variables at 
any point must not violate prescribed physical condi- 
tions in regard to aerodynamics, structures, and power 
plant limitations. These limitations do not appear in 
the mathematical formulation of the problems. 

In regard to numerical values of the physical param- 
eters, it is necessary that the drag polar be given at 
each Mach Number: 


Cp sia S(Ci) = constant 


or, in general, Cp = f(Cz, AW) 
We need the quantities 


f 1 f 1 
} OCp/OCL} 7 =constant and , 0Cp OM} cr constant 


Note that Cp is a function of C, and M. Further, Cz, 
according to Eq. (5), depends on / and the variables 
pb, p and ¢, and M is a simple function of e: 
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(21) 


N= V¢ /C; 


The quantities 0Cp/OC, and 0Cp/OM are obtainable 
from graphs of experimental results or from direct cal- 


culations. In either case, it is physically correct to use 
Cp in the following form: 


Cp = Cp, + KC,? (22) 


It is important to note that Cp, and A are functions 
of Mach Number only and do not depend on C;. Plot 
both of these functions versus Mach Number to get 
the best possible agreement with the given data. For 
subsonic Mach Number, both Cp, and K are reasonably 
constant with the latter value equal to 


KE = 1/(1A pr) 


where 4p is the adjusted aspect ratio. 
With the above relation, one has 


OCp/OC, = 2KCz tZ5) 
where K is function of / only, and 
OCp/OM = (dCp,/dM) + (dK/dM)C,? (24) 


Note that the experimental coefficients are really repre- 
sented by a combined quantity occurring in the term 


B, Eq. (11) 


namely, 
(Oo OM) (Cr — Co)c, constant 


and the other coefficient OCp/OC,, which occurs in the 
terms B, b, and c, is simply 2K C, where K once and 
for all may be plotted as a function of J/. 


(5) Initial or Boundary Conditions 


With this discussion of the physical parameters and 
their limitations, we shall proceed to consider the 
boundary conditions. It is immediately evident that 
the smoothest path will be obtained when the airplane 
is pointed generally in the “‘right’’ direction at the 
origin. For a very small value of //, the given height, 
the best answer is an almost straight line between the 
end points. For a large height, much thrust is used up 
on the acceleration, and the slope may point somewhere 
below the intended end point, depending on the mission. 

As stated above, four initial conditions are required. 
The entire curve and the described mission will depend 
on this choice. Fortunately, it is quite a straight- 
forward procedure to produce a coverage of all desired 
missions by systematically varying the initial condi- 
tions. It is further noted that it is quite possible to 
give the correct order of magnitude of the desired initial 
quantities. These are evidently tied up with the final 
altitude 7 and the maximum climb angle y,, of the 
particular aircraft. 

The initial climb angle must obviously be chosen far 
below the maximum value so as to permit considerable 
acceleration from the beginning. In fact, a value less 
than half of the maximum will yield normal missions. 
We shall, therefore, put 


po = cos (¥m/2) 
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where ym is the maximum climb angle. Note that 
this and the following treatments are only intended to 
give the order of magnitude of the initial quantities 
involved. 

To obtain the initial value of /, note that 


bo = —(1/R) 


with /) negative for inereasing climb angle (center of 
curvature above aircraft at origin). The radius of 
curvature evidently should be of such a value as to 
slowly increase the climb angle from, say, (1/2)7m to 
Ym in, say, half the total distance which is in the order 


of (2171/7). One, therefore, has the relation 


Ro(¥m/2) = (2H/y¥m) or Ro 17 / Ym? 


We shall, therefore, choose 
bo = —(Ym" 177) 
With p and 


as the appropriate order of magnitude. 
p chosen, one may use the relation (5) 


C, = (8/6) |p — (€b/g)] 


to choose the value of ¢« which gives an acceptable value 
of C_, or vice versa. 

The fourth and final required value at the initial 
point is the fp. Evidently, there is in most long dis- 
tance nonacrobatic missions an inflexion point at some 
distance in the order of approximately half the final 
At this point, the value of = 0. This gives 


po approximately 


bo = 


height. 


—(26/H) = +(¥m?/2H?) (25) 


(6) Calculation Procedure 


With po, fo, and e known, the value of é follows from 
Eq. (4), using for Cp the value of Eq. (22): 


Cp = Co, + K C, ; 
The conditional relations (4) and (5) may be written 
in the summarized form: 
é = fle, p, p) (26) 


Hence, € is always fixed and known if «, p, and # are 
Further, with / given, € is also obtainable from 
From these equations, it follows 


given. 
Eqs. (4) and (5). 
again 
é = f(e, p, p, pb) (27) 

Hence, € can be calculated when p and the lower de- 
rivatives of p and ¢« are known. Derivation of Eq 
(4) gives in fact: 
(OC;/Oh) + (O0Cr/OM) (dM/dh) — (OCp/OC,) X 
(dC,,/dh) — (OCp/OM) (dM/dh) = [(B/e) — (Bé/e?)] X 
V1 — p? [1 + (é/2g)] — (8/6) (1/V1 —p?) X 
pol + (é/2g)] + (B/e) V1 — p2(é/2g) (28) 
dM/dh = (1/2~/e) (é/C,) — (V/ €6,/C;?) 
OCp/OM = (dCp,/dM) + (dK/dM)C,? 


with 
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and C. = (8/e)|b — (ep/g) | 


the value of € is determined. 

Finally, the remaining quantity p is calculated to 
comply with the Euler-Lagrange equation. With #, e, 
and the derivatives of p given at a certain point h, we 
may then proceed to the next point # + dh and obtain 
b, p, p, and «. The conditional equations then supply 
é and €. We may again calculate p as for the origin. 
Thus, the entire curve is obtained step by step.* Be- 
cause of the smoothness of the fp curve, rather large 


steps are permissible. To repeat, with 


pb = po + poh 

b = po + poh 

b = po + poh 

€ = €& + él + [d 2)éoh? te on 0 } 
the Taylor expansion is used to determine ¢, P, and the 
derivatives of p at each step. Then, by conditional 
relations (26) and (27), 
folp, p, p, ©) 
With all six quantities thus determined, we may solve 
Let us next survey the required performance 


The drag polars are presumably available 
For each 


é = fi(p, p, €) and € = 


for p. 
coefficients. 
for several Mach Numbers within the range. 
Mach Number, determine the best value of A in the 
equation: 


Cp = Co, + K Cz? 


where Cp, is the drag coefficient at zero lift. The value 


of K is, theoretically, 
K = S/(4Q) ; 


where SS is, as before, the surface of the lifting area, and 
Q is the cross section of the air mass deflected downward 
For subsonic flow, the latter is a circle of 


by the wing. 
Therefore, 


diameter equal to the span of the wing L. 


for subsonic flow 


K = (1/4) [Lé/(w/4)L?] = 1/(rApR) 


where -1, is the effective aspect ratio L/c and ¢ is the 
mean chord. For supersonic flow K ~ (VM? — 1)/4, 
for Mach Numbers > 1 or approximately = 17/4. 

If the curves are available experimentally, it is de- 
sirable to obtain the best value of A from such data. 
Both Cp, and K are, theoretically, functions of Mach 
Number only. Plot Cp,(.\7) and K(A/). Next, plot 
the experimental values of the thrust coefficient. 


Cr = Cr (M, h) 


The value of Cr is adjusted by the automatic controls 
as a function of the ambient temperature to maintain 
the turbine maximum temperature at a permissible 


level. Plot Cr (V/) for several values of / (or standard 

* The calculation procedure is actually an individual matter 
Once Eq. (17) or (18), with the conditions (4), (5), and (22), have 
been pregramed on the electronic computer, experience is gained 
as to the choice of the initial parameters and their effect in 


bracketing the end condition 
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temperature). Note, in considering the derivatives of 
Cr and Cp, that these are given as functions of JJ and 
the latter also as function of C;, while C,, in turn, is a 
function of \/ and p, and MV is a function of € (and h), 
Eq. (21). 

The six coefficients of the Euler-Lagrange equations 
may be written with the experimental derivatives as: 


A = —(1/2) (1/VWe*) (1/V 1 — p?) 
B = {(0Cr/OM) — (OCp,/OM) — (QK/OM)C," X 
(1/2Vecs) + (B/e€*){2KCLp + 
V1 — p? [1 + (€/2g)]} 
C = (B/e)V 1 — p? (1/2y) 


J / a 
a= p/WVeV (1 — p?) 


9 jt 
1f 


b = —(B/e) }2KC, — [p/V1 — b?| [1 + (€/2g) 
c — (28K C_/g) 
We may also give: 
C = [(B/e) — (Bé/e2)] V1 — p? (1/2) 
(B/e) A/V 1 — bp?) (pp/2g) 


c = —(28/2)KC, — (28/g) (dK/dM)CLM — 


(28K C_/g) 


where C, Bl(p/e) — (p/g)| and M VV ¢/C 


(7) Discussion of Numerical Procedure 


With the number of derivatives involved, it is of 
some interest to clarify the necessary numerical pro- 
First, it is noted that four quantities uniquely 
These may be 


cedure. 
determine the situation at each point. 
chosen to be p, p, p, and e. 

When and if desired, the higher derivatives of € are 
then obtained by the conditional relation (4) with Eqs. 


(5) and (22). 


(2ge/BV 1 — p?) X 


1 Cr —_ Cp —_ KB? |(p €¢) = 


é = {(p, p, ©) 


; x) |? — Be 
(p/Z { ¢ 


é = f(b, b, B, 0) 


We may now solve for the quantity p resulting from the 
restriction to an optimum path. 

In order to proceed to the next step, we must again 
obtain the four quantities p, p, p, and «. No relation 
exists among these quantities, and they must, there- 
fore, be obtained directly by Taylor expansions. Since 
p at the previous point must necessarily be known, we 
obtain readily the new values of p and its first and 
second derivative. To get the new value of e, it is 
seen that we must know €¢ at the preceding point. This 
is necessary and in all cases sufficient. This is because 
any derivative of « can be obtained directly from the 
four basic parameters p, p, p, and e. Hence, four 
and only four—Taylor expansions are required. 

We may now make a few remarks about the numeri- 


cal procedure. Eq. (17) may be written in the form 
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F + (d/dh)f = 0 


2FAh = —f(e + €Ah)éy,(p + pAh) X 
(pb + pAh) (b + pAh) + fle — eAh)é_g, (pb — pAh) X 
(p — pAh) (p — pAh) 


or, in a simpler form, 


FAh = —f(e + éAhjés,(p + pAh) X 
(pb + pAh)ps, + fle. é& p, p, p) 


Briefly, with «, p and # in Taylor expansion € is ob- 
tained from these, and p at Ah is then calculated di- 
rectly by the last formula. The next step is again to 
obtain «, p, and p which is simple since € and # are 
known at the first point. Thus, everything repeats as 
before: € is obtained by the conditional relation and 
p is again calculated. Note that this amounts to deter- 
mining the change in the curvature of the path. 

Eq. (18) or (19) is mathematically in a cleaner form. 
However, p and € appear as a result of performing the 
differentiation. The quantities p, p, , and « again fix 
the condition and must be obtained by Taylor expan- 
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sions, € and € are obtained directly from the conditional 
relation, and # is then calculated from the main 
formulas (18) or (19). It is, therefore, noted that the 


first procedure given above involves lower derivatives 
and employs a simpler formulation. 
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Large potential gains are indicated 
to 50,000 ft. shows a saving of about 30 per cent in the time 


In one example: A climb 
required for the ideal path as compared with the time for a con- 
stant Mach climb to the same height. The technique is partic- 
ularly useful to show the proper maneuvers to obtain the maxi- 
mum altitude for a given airplane. It is significant that the 
optimum path is characterized by a much smaller climb angle 
through the first segment of the path and by a corresponding 
steeper climb near the end. Note that the results are exact, the 
accuracy being only dependent on the accuracy of the character- 
istic parameters of the airplane. 
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Spherical Cap Snapping’ 


HERBERT B. KELLER* ann EDWARD L. REISS* 
New York University 


Summary 


A nonlinear boundary value problem for the determination of 
the rotationally symmetric deformations of a clamped spherical 
cap under external pressure is solved by finite differences. The 
numerical solutions are obtained by employing a previously de- 
veloped iteration procedure. A special case of the difference 
equations is solved explicitly and yields 
iteration method as well as insight into the properties of the more 


a justification of the 


accurate numerical solutions. 

Buckled and unbuckled equilibrium states are obtained and 
the shape of the pressure-deflection curve which is usually assumed 
for these states is verified for a large class of caps. Close esti- 
mates are given for the upper and lower buckling loads and an 
intermediate buckling load—i.e., the ‘‘dead-weight”’ load. The 
stresses and deflections in the buckled and unbuckled states are 
examined and compared with an asymptotic solution valid in the 
interior of very thin shells. Boundary layers are found to de- 
velop in the buckled states both as the loading increases and as 


the thickness of the shell decreases 


(1) Introduction 


. IS CUSTOMARY to assume, as proposed by von Kar- 
man and Tsien,! that the curve of pressure versus 
maximum deflection for the rotationally symmetric 
deformations of a spherical cap subject to external pres- 
sure is similarf{ to that of Fig. 1. The implications of 
such a non-monotone pressure-deflection curve are 
that there exist three possible states of equilibrium for 
each pressure in the range p, < p < py and only one 
equilibrium state for each pressure outside this interval. 
The points on the branch UO of the curve correspond 
to unbuckled states, those on the branch LN to buckled 
states, and those on the segment UL to “unstable’ 
states. If the characteristic of Fig. 1 is correct the cap 
must buckle at some pressure in the interval p, < p < 
py and hence we call p, and py, respectively, the lower 
and upper buckling loads. 

It may be conjectured, following Friedrichs,’ that 
there is an intermediate buckling load, py, in the range 
Pr < Pm < pu, for which the corresponding buckled and 
unbuckled states have equal potential energies. For all 
loads in the interval p, < p < py the unbuckled states 
have Jess energy than the corresponding buckled states 
and conversely for py <p < py. Then it may be con- 
cluded that, as a result of some random disturbance, it 
is possible for the cap to “snap” from unbuckled 
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t Provided the cap is sufficiently curved to permit buckling. 
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equilibrium states with py < p < py to buckled states 
which have less energy.t{ If this is the true mecha- 
nism of buckling the buckling load must lie in the inter- 
val py < p < py and is probably close to py. 

The rotationally symmetric equilibrium states of the 
cap may be defined in terms of two functions which 
render stationary an energy integral. Equivalently, 
they may be defined in terms of the solutions of a bound- 
ary value problem for two coupled nonlinear ordinary 
differential equations containing two parameters. A 
theoretical verification of the assumed pressure-deflec- 
tion curve of Fig. 1 should follow from a knowledge of 
the uniqueness (or, more properly, nonuniqueness{f 
properties of the solutions of such problems. To our 
knowledge, a direct theoretical study of these properties 
has not been made. 

The first investigation! into the nonlinear buckling of 
shallow spherical caps Rayleigh-Ritz 
procedure to an inaccurate energy formulation of the 
problem. Estimates of pz, were obtained and curves 
similar to that of Fig. 1 resulted from the particular 
choice of trial functions used. Modifying an improved 
energy formulation due to Friedrichs,? Tsien’ again 
used a Rayleigh-Ritz procedure but the resulting pres- 
sure-deflection curves were only double-valued. How- 
ever, it is not clear that Friedrichs’ formulation, as 
modified by Tsien, is applicable to clamped caps.** 

Other investigations have been concerned with deter- 
mining py and the stresses and deflections in the un- 
buckled states. In such studies approximate solutions 
of the boundary value problem have been sought by 
applying perturbation methods,* ° power series calcu- 
lations,® 7. * and linearizations.* Of these the power 
series method seems to have been most successful and 
indeed with it some buckled states have been obtained® 
for loads near py. In similar but less consistent calcu- 
lations® other results are reported for extremely shallow 
caps—i.e., close to circular plates which do not buckle. 

In this paper we present a new method for solving the 
equilibrium problem for a clamped shallow spherical 
cap. The method consists in solving, by iterations, a 
finite difference approximation of the boundary value 


applied the 


tt A physical interpretation of Friedrichs’ conjecture, as ap- 
plied to a variety of buckling problems, is essentially given by 
Tsien.* His ‘‘dead-weight”’ load is analogous to py. 

tt The previous discussion suggests that for some ranges of the 
parameters the solutions are unique while for other ranges there 
are at least three solutions. 

** References 1-3 are mainly concerned with the related prob- 
lem of buckling of complete spherical shells. The comments 
above apply only to the sections of these papers which consider, 
or seem directly applicable to, the spherical cap or segment. 
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Fic. 1. 


Assumed form of pressure-deflection characteristic for a 
shallow spherical cap which can buckle. 


problem. This procedure has previously been applied 


with considerable success to the related nonlinear prob- 
lems of bending and buckling of thin circular plates.'° |! 
The iterates are most conveniently evaluated by high- 
speed digital computers. The present study is con- 
fined to caps which deform in the ‘‘first mode’’ (see 
references 6 and 9 and Section 7). 

For caps subjected to external pressure loads the 
finite difference method does, in fact, yield solutions 
which buckled and unbuckled 
branches of Fig. 1. 


correspond to the 
Thus nonunique solutions are ob- 
tained for all loads in py < p < py and unique solu- 
tions are obtained for essentially all loads outside of this 
interval. In contrast, the power-series solutions corre- 
spond only to unbuckled states and, for a small range 
of shell geometries, to buckled states for loads near 
pu. The upper buckling load is more accurately deter- 
mined by the present method than by the power-series 
method. In addition, equally precise values of p, and 


bu, Which were unobtainable by power series, are 
calculated. 

A special case of the difference method can be solved 
explicitly. This furnishes a simple model which has 
all of the known qualitative features of the buckling 
phenomena. The model suggests procedures for the 
proper application of the iteration scheme and yields a 
heuristic justification of it. Solutions corresponding 
to the ‘‘unstable’’ branch of Fig. 1 can also be obtained 
for this model. 

For caps subjected to internal pressure (i.e., p < 0) 
there is no buckling and the application of the present 
method is found to be simpler than when p> 0. How- 


ever, these results will not be discussed in this paper. 


(2) Formulation of the Boundary Value Problem 


Let the cap be that portion of a spherical shell of ra- 
dius KR and thickness 2/ which subtends an angle 2A at 


the center of the sphere. The equilibrium equations 
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for rotationally symmetric deformations of such a shell 
which is thin (i.e., 1/AR < 1) and shallow (i.e., A < 1) 
have been derived from a nonlinear elasticity theory 
with small strains and finite but small deflections.® 
In dimensionless variables these equations become 


L y(x) = p(x? — a(x) ] (la) 
L a(x) = pla(x) y(x) + Px?] (1b) 

where the differential operator L is defined by 
L f(x) = x(d/dx)} (1/x)(d/dx) [xf(x) |f (2) 


and the dimensionless quantities are 
x = 0/A, = (1/A)(6 + (1/R)(dw wee 
W(x) = w(6)/phC, P= (R/h)?(p/2EC), (; 
p = (A2/C)(R/h), C? = 2/3(1 — v?) 


\}| 


a(x) 


) 


Here 6 is the polar angle of the cap, Aa is the slope with 
respect to the horizontal of the tangent plane to the 
deformed surface, w is the normal displacement of the 
middle surface of the cap from its unstrained position 
(positive inward), / is the uniform external pressure 
(positive inward), E is Young’s modulus, and vy is 
Poisson’s ratio. (x) is a stress function defined such 
that the longitudinal and circumferential membrane 
stresses, o, and o,, respectively, and the corresponding 

s 


dimensionless stresses, X, and L,, are given by 


LYo(x) = (R/h)[206(0)/EC] = y(x)/x (4a) 
Ya(x) = (R/h)[20,(6)/EC] = dy(x)/dx (4b) 
The longitudinal and circumferential bending stresses 


: ‘7 B B . 
on the inner surface, og and a, , and the corresponding 


. . , B ,» B . . 
dimensionless stresses 2, and 2,°, are given in terms 
of the reduced slope a by 


D(x) = (R h) (204°(0) 3EC?] = 

rT? } [da(x) dx| + v[a(x) xt, (5a) 
D467 (x) = (R h)[20,,°(0) 3EC?] = 

L+v — (vlda(x)/dx] + [a(x)/x]j (5b) 


If e is the potential energy of the shell and & a dimen- 
sionless potential energy, it can be shown that 


[(4/2)EC2A*h?] = 


&E—e 


a2 | 
De? + By? — BBE, + 2(da/dx)? + 


0 


2(a/x)? + 4Ppxa| xdx — Pp — 2 (6) 
At the center of the cap, x = 0, the assumption of 
rotationally symmetric deformations implies that 


a(0) = y(0) = 0 (7a) 
The edge is held fixed and clamped and thus, at x = 1, 
a(1) = 1, [dy(1)/dx] — vy(1) = 0 (7b) 


Eqs. (1) subject to the boundary conditions (7) com- 
plete the formulation of the equilibrium problem for 
the shallow spherical shell. In the absence of any 
theoretical knowledge of the existence, uniqueness, or 
properties of the solutions of this problem we seek nu- 


merical solutions. Of interest are the upper and lower 
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buckling loads Py and P,, the conjectured ‘‘intermedi- 
ate buckling load,’’ P,,, and a description of the stresses 


ind deflections throughout the shell. 


(3) Formulation of Difference Equations 
and Iteration Procedure 


To obtain numerical solutions we replace Eqs. (1) 
and (7) by approximating difference equations and 
solve the resulting nonlinear algebraic system by iter- 
ations. For this purpose the range of the dimensionless 
polar angle, 0) < x < 1, is divided into J equal intervals 


by the net points 
x gas; 7 = 0,1,...,5; A 1/J (8) 


At each point of this net the functions a(x;) and y(x;) 
are assumed to be approximated by corresponding 
quantities @(x;) and 7(x,;) which satisfy the finite diifer- 


ence equations 
La7¥(x;) = plx;? — &(x;)1 (9a) 
L@(x;) = p[&(x,;)7(x;) + Px;?], 1 <7 < J —1 (9b) 


Here the difference operator, 4, obtained by replacing 
derivatives in the differential operator (2) by centered 


difference quotients, is defined by 


La f(x;) = [x)/(Ax)?] G1/[x; + (1/2) Ax]} x 
[eps f(xiu1) — xif(x))] — }1/[x, — (1/2) Ax] X 
[xyf(xj) — xjal(x; :))) (10) 


Thus, the difference equations (9) are approximations 
to the differential equations (1). At the end points, 
J, the approximating quantities are to 
satisfy the difference equivalents of the boundary con- 


ditions (7): 
a(x) = F(X) (0) (lla) 


a(xy) = 1, FV(xs) = 


[((1 + vAx/2)/(1 — vdx/2)]¥(xjz-1) (11b) 


Eqs. (9) and (11) form a system of 2(/ + 1) non- 
linear algebraic equations in the 2(/ + 1) unknowns 
|a(x;), ¥(x,;)|. For a sufficiently small net spacing, 
Ax, we expect some solution of this algebraic problem 
to yield a ‘‘close’’ approximation to a solution [a(x), 
y(x)| of Eqs. (1) and (7). In general the algebraic 
system has many solutions, the number depending 
upon the ‘‘degree’’ of the system. However, most of 
these solutions, no doubt, involve complex roots and 
hence are spurious. It is the real solutions which we 
seek and, as shown in Section (4), there may be more 
than one of them. The question of the number of real 
roots of Eqs. (9) and (11) is important and is discussed 
further in Sections (4) and (7). 

Since the nonlinear algebraic system cannot, in gen- 
eral, be solved explicitly we seek approximate solutions 
by means of an iteration procedure. Starting from 
some initial estimate, [@(x,;), Yo(x,) ], of the solution for 
fixed values of P and p, we define a sequence of iterates, 
[&,(x;), Fn(x;) |, by the recursions 


CAP ENAPPING 645 


LaVnsi(xj) = pl[xj;? — &,7(x;) (12a) 
Lt 94:1(X;) p[&,(X,)Fnai(x;) + Px (12b) 
Qy41(X;) AB no i(X;) + (1 — A)&,(x;) (12¢) 


Each of the iterates must also satisfy the boundary con- 
ditions (11). The above system then reduces to 3(J — 
1) equations in the 3(J — 1) unknowns [7,4:(x,), 
a*41(Xj), @rii(x))], 1 < 7 < J — 1. However, for 
each n, Eqs. (12a) form a /inear system which can be 
solved explicitly{ for the 7,4:(«,;). Using these quan 
tities, the same is then true of the system (12b) which 
can be solved for the &*,,:(x;). Finally Eq. (12c) can 
be evaluated to yield the quantities &,4)(2)). 

The number X, which is called the ‘relaxation param- 
eter’ in analogy with iterative solutions of linear 
systems, must be determined such that the iterations 
(12) converge to a solution. We assume that this can 
be done for all loads F applied to some wide range, () - 
p < 20, of shells. An indication of the plausibility of 
this conjecture is given in Section (4) and in the suc- 
cessful computations reported in Section (6). A more 
thorough investigation of the convergence of the iter- 
ation scheme (12) when applied to the related problem 
of the bending of thin circular plates is presented in ref- 
erences 10 and 11 (where the relaxation parameter, A, 


is denoted by 4). 


(4) The Three Point Model 


The difference equations for a net with J = 2 can be 
solved explicitly. This special case furnishes a model 
from which a qualitative description of the buckling 
phenomena and a heuristic justification of the con- 
vergence of the iterations can be obtained. It must be 
emphasized that this simple model may yield correct 
orders of magnitude but not quantitatively accurate 


results. 

On this net with only three points the difference 
equations (9) and (11) involve six unknowns: [&(x,), 
¥(x;)], 7 0, 1, 2. Three of these unknowns are pre- 


scribed by the boundary conditions (11). Then elimi- 


nating y(x,), and 7y(x») we obtain, for the single un 


¥(-; 
known &@(x,) = a, the equation 
fla, p) = o0* — B(p) a = K(P, p) (13) 
Here we have introduced the coefficients 
B(p) = (1/4) — (a*/o”), A(P, p) = 
where 


= (128/9)((1 — v/2)/(1 — v/4)] > O 





Since Eq. (13) is a cubic equation it can be solved ex- 
plicitly by standard algebraic procedures. 
However, it is convenient to view the solutions of 


t The coefficient matrix of this system is nonsingular and of 
tridiagonal or Jacobi form. Hence, it can be factored into the 
product of two upper and lower triangular matrices, each having 
nonzero elements only on the diagonal and adjacent to it. The 


system is then solved by evaluating two two-term recursions, 
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Fic. 2. Schematic representation of solutions in the three point 
model when p > po. 


Eq. (13) for fixed P and p, as the abscissas of the inter- 
sections in the (a, y) plane of the curve y = /(a, p) 
with the horizontal line y = A(P, p) (see Fig. 2). It 
then follows, from Eq. (14), that for each p in 0 < p< 
po = 2a, B(p) < 0 and hence Eq. (13) has one and only 
one real solution for every P. Since a necessary condi- 
tion for buckling is that there exist at least two real 
solutions—i.e., equilibrium states—for some load it 
can be concluded that no spherical cap with 0 < p< py 
can buckle (for the three point model). Similarly, it 
can be shown that for each p> pp there is an interval of 
P values for which Eq. (13) has three real solutions. 
For loads outside this interval there is only one real 
solution. The least (greatest) value of P for which 
three real solutions exist is the lower (upper) buckling 
load; these values are, for p> po, 


P1(p)\ — 
Pu(p)f : 
Graphs of these buckling loads and the accurate values 
determined from a 50 point net [see Sections (5) and 
(6) | are shown in Fig. 3. 

It can be shown that the iteration scheme (12) ap- 
plied to the present case, J = 2, is equivalent to solving 
Eq. (13) by 


Anyi = an — A(p*/a*)[ flan, p) — K(P, p)] (16) 


If a is a root of Eq. (13) it satisfies Eq. (16) and thus 
the error in each iterate, 


(32/3p) = (16p/3"/7a2) [1 — (po?/p?) |? (15) 


é, = A — Ay 
must satisfy 
tong = Sg \(p?/a?) [f(a, p) _ Sen, p) | (17) 


By standard procedures’? a necessary condition for 
convergence of the iterates is found to be 


[1 — A(p?/a?) [Of(a, p)/Oa]| <1 (18) 
Thus A must be confined to the intervals 
0< dX < 2a?/p?(Of/Oa), if Of/da> 0 
2a?/p?(Of/Oa) <rA<0, if Of/da <0 


OCTOBER, 1959 
If, in addition, the initial error, «, is sufficiently small 
it follows from Eq. (17) that 

én * }1 — A(p?/a*)[Of(a, p)/Oa]} "e (19) 


and hence by Eq. (18) the error decays geometrically. 


In the absence of precise knowledge of the error for any 


iterate the best value of \ is that value, \,,, for which 
the left side of Eq. (18) vanishes: 


Nop = a? | p?[Of(a, p),/ Oa]; (20) 


Schematic graphs of \,, versus P for p> py and p < py 
are shown in Fig. 4. Note that when ‘‘buckling’’ may 
occur (i.e., p > po) Aep is triple-valued for all P in P, < 
F< Fe. 

The previous convergence analysis is valid only if 
the initial iterate, ao, and, consequently, all subsequent 
iterates are close to the desired root. This is, in fact, 
a general requirement of all iterative root finding tech- 
niques.'* Thus, if a particular root is known, a neigh- 
boring root may be obtained by the iteration method. 
In this manner, starting from the known unbuckled 
solution &(x;) = «:(=1/2) for P = 0, a sequence of 
roots on the unbuckled branch can be obtained for an 
increasing sequence of loads; say (see Fig. 2) 


Pi<PL<P2< P 


It is clear that there is no difficulty near P = P, on 
the unbuckled branch. However, at P = Py there isa 
double root and the iteration scheme fails [since 0f/0a 
= ( and Eq. (18) cannot be satisfied]. Thus, the un- 
buckled solution at the upper buckling load cannot be 
obtained, but roots very close to it can. 

For a pressure P = P;> P, there is only one root (a 
buckled state) and it is not close to any unbuckled 
solution. However, if the initial iterate, ao, is an un- 
buckled solution then « < 0 and f(a, p) — f(a, p) < 0 
(see Fig. 2). From Eq. (17), with \ > 0 as shown in 
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Fig. 4, this implies « > e« and, if the error has not 
changed sign, it has decreased in magnitude. Thus, 
in any event, the first iterate changes in the direction 
of the root and all that is required for convergence is 
that one of the first ‘‘few’’ iterates fall close to the root 
(in which case the previous analysis becomes valid). 
Thus it is possible for the iterations to converge, or 
“jump,” to a buckled solution even though the initial 
iterate is an unbuckled solution. 

After one root on the buckled branch is obtained all 
other roots on this branch (not too close to the double 
root at P = P,) can be determined. In an analogous 
manner solutions on the unstable branch can be ob- 
tained; here, however, negative values of \,, must be 
used (see Fig. 4). 


(5) Computational Techniques 


A solution of the difference equations (9) and (11) 
can be an accurate approximation to a solution of Eqs. 
(1) and (7) only if the net spacing, Ax, is “‘sufficiently 
small.’’ An acceptable value of Av = 1/J is deter- 
mined by comparing the solutions of a series of test 
calculations in which P and p are fixed and the net is 
then successively refined, say J = 10, 25, 50, 200. The 
solutions obtained with the 50 and 200 point nets are 
in good agreement for all P except those in the im- 
mediate neighborhood of the buckling loads. There 
they are found to differ by, at most, 5 per cent. As 
this is not considered too significant an error the 50 
point net was used throughout the computations. 
Moreover, most of the unbuckled solutions for the 25 
point net agree with those for the finer nets. 

In applying the iteration scheme (12) to solve the 
difference equations, procedures are required to deter- 









(p< Po» Non-buckling 
shells 











Optimal relaxation parameters, determined theo- 
for the three point model (representative values 
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Optimal relaxation parameters, determined numerically, 
for a 50 point net (p = 11.31) 


Fic. 5. 


mine when the iterations have converged, to determine 
an initial iterate, and to select an optimal value of d. 
As a numerical criterion for convergence we require 

6, = max } 
O<j<J 


BAX) — By-aXy) 


| ¥n(Xj) — Yn—1(xy) |} <10-* (21) 


It should be noted that lim, _... 6, = 0 is only a neces- 
sary condition for convergence. Test calculations were 
made with 10~* replaced by 10~° and 10~* in this con- 
dition. No significant change in the solutions was 
observed. 

As implied by Eq. (19), and verified by calculations, 
the number of iterations required to satisfy Eq. (21) 
varies sharply as \ is changed. The optimal value, 
Nop, for fixed P and p is that value which minimizes the 
number of iterations. For the model discussed in 
Section (4) it was possible to obtain this quantity ex- 
plicitly [see Eq. (20)]. However, to determine ,, 
for the finer nets we resort to a series of test calcula- 
tions. Graphs of \,,(P) for various values of p are ob- 
tained from these tests and they are found to be quali- 
tatively similar to those branches of Fig. 4 on which 
A> 0. In Fig. 5 a graph of the computed values of 
Nop(P) is given for a shell with p = 11.31. It is found, 
similar to the behavior implied by Fig. 4, that A,,(P) 
generally decreases as p increases. 

The initial iterate should be as close an approximation 
to the solution as possible. In analogy with the three 
point model, we use, for any P and a fixed value of p, 
the ‘‘solution’’ for a neighboring value of P. In detail 
we proceed as follows for any fixed value of p: For 
P near zero (the shell is then only slightly deformed 
from the spherical shell) we take 


G(x;; p, P) = a(x;; p, 0) =x; 
and iterate until Eq. (21) is satisfied. Having the solu- 
tion for any load P, the initial iterate for a load P + 6P 
is taken as 

Bo (X;; Pp, Pp + 6P) = Q(X;; p, af 
and the iterations, employing a previously determined 
value of \,,(P + 6P), are performed. It is observed 
that the number of iterations required for convergence 
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increases as P > P,, from below—i.e., on the unbuckled 
branch. 

Following this procedure we use as an initial iterate 
an unbuckled solution and have no difficulty in obtain- 
ing a buckled solution for P = Py, + 6P, provided 6P 
is not too small. (This would correspond to the diffi- 
culty, discussed in Section (4), of using the iteration 
scheme to find a double root.) The solution thus 
“jumps” from the unbuckled to the buckled state 
when P, is exceeded. It is found that even though 
\op(P) from the unbuckled branch is used the iterations 
converge to the buckled solution. However, if it is 
anticipated that “‘buckling”’ is about to occur and i,,(P) 
from the buckled branch is used, the convergence is 
much faster. Once buckling has been observed, which 
is obvious from the large changes in the solution—4.e., 
a “jump” in the deflection— we employ d,,’s from the 
buckled branch and proceed as before, now obtaining 
buckled solutions for increasing and decreasing values 
of the load about Py. As P — P, from above, the 
buckled solutions require more iterations for con- 
vergence. When the load is finally reduced to P 
P, — 6P, below the lower buckling load, the solution 
“jumps” back to a previously obtained solution in the 
unbuckled state. Thus, for the interval P,;, < P < Py 
we obtain two distinct sets of solutions of the difference 
equations which, no doubt, correspond to pairs of non- 
unique solutions of the boundary value problem. 

When the iterations have converged for a value of P 
and p the stresses, deflections, and potential energy 
are computed. For this purpose we employ obvious 
finite difference equivalents of the definitions (3)—(6). 
A summary and discussion of the results obtained in 


this manner are presented below. 


(6) Presentation of Results 
and Asymptotic Solution 


For each of eleven values of p in the interval 6 < p 
< 20 solutions have been obtained? for P ranging from 
zero to above Py. The resulting curves of pressure 
versus maximum deflection have the form of the 
buckled and unbuckled branches shown in Fig. 1. 

The numerically determined upper buckling load, Py, 
is defined to lie in the interval 


P< Po < P+ éP 


if an unbuckled solution has been obtained for P = P 
and, using this solution as the initial iterate, a buckled 
solution is obtained for P P + 6P. The lower 
buckling load is located in a similar manner. For these 
determinations we use 6P = 0.01. In this way we have 
located P; and Py, to an accuracy of at least 1.5 per 
cent (see Fig. 7). The intermediate buckling load, 
P,, is determined from the point of intersection of the 
curves of the potential energy, &, versus P for the 


+ All computations employed v = 0.32 and were performed on 
the Atomic Energy Commission’s IBM-704 computer at New 
York University. We wish to acknowledge the aid of S. Wein 
berg and F.. Mullish in coding the problem for the machine 
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buckled and unbuckled states (see Fig. 6). These 
curves substantiate Friedrichs’ conjecture’? as applied 
to the buckling of spherical caps. 

The critical pressures thus determined are presented 
in Fig. 7 along with experimentally measured buckling 
pressures and some corresponding quantities from pre- 
vious studies. The resolution of this Figure is too 
coarse to clearly indicate the distinct critical values ob- 
tained for p = 8. No buckling was observed for p < 6 
and thus the value pp, which separates caps that can 
buckle from those that cannot buckle, must lie in the 
interval 6 < pp < 8. No attempt has been made to 
sharpen this estimate. The critical pressures deter- 
mined by power series for p < 20 are in fair agreement 
with the present values of Py. Also, in this range, the 


critical pressure, P,,, defined by a linearization pro- 
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cedure’ is seen to fall between P; and Py and hence 
may be an approximation to either. The experimen- 
tally determined buckling loads for caps with 16 < p < 20 
are above the Py, curve as would be expected if caps 
actually snap according to the energy buckling mecha- 
nism. However, for 11 < p < 13 the experimental 
critical loadsf are between P, and Py. For p> 20 
the power series critical pressures® are in fair agreement 
with the experiments but it is not yet clear which of 
the critical loads, P;, P,, or Py, if any, the power series 
results represent. 

Graphs of reduced stresses, deflections, and slopes in 
both buckled and unbuckled states are each presented 
in Figs. 8(a) through 8(d) for one of two representative 
caps—i.e., p values. Although the deflection, W(x) in 
Fig. 8(a), retains the same form in the buckled and 
unbuckled states, its amplitude is increased by a large 
factor in the buckled state. This is one of the features 
employed to determine the occurrence of buckling. As 
the load increases the slope, a(x) in Fig. 8(b), decreases 
steadily, throughout the cap, from its undeformed 
value a(x) = x. Upon buckling, a(x) becomes nega- 
tive throughout most of the shell, with a minimum 
near the edge, and rapidly increases to satisfy the 
clamping condition a(1) = 1. As P increases from 
P, this negative minimum decreases and approaches 
the edge while the slope of a(x) near the center decreases 
in magnitude. This behavior of the buckled states is 
characteristic of the formation of a boundary layer 
as P—> ~, 

The circumferential membrane stress, 2, in Fig. 8(c), 
is negative, and hence compressive, throughout the 
shell in all unbuckled states. There is a compressive 
maximum at the center which increases with P. How- 
ever, in the buckled states 2, may vary from tensile 
to compressive. If the maximum stress is at the center 
it is tensile. There are again indications of a boundary 
layer developing in the buckled states as P increases. 
The longitudinal membrane stress, 2, (not shown), is 
similar to 24, but with less pronounced maxima and 
minima. 

The longitudinal bending stress, 2,” in Fig. 8(d), 
changes sign in both buckled and unbuckled states 
but has much larger maxima when the cap is buckled. 
The circumferential bending stress (not shown) is 
similar and the boundary-layer formation is again 
obvious in the buckled states. 

The corresponding power-series solutions,’ which 
were obtained for the unbuckled states, are in good 
agreement with the present results. The maximum 
deviations occur for P near Py. 

In Figs. 9(a) through 9(d), stresses, deflections, and 
slopes in buckled and unbuckled states are plotted for 
a fixed value.of P and an increasing sequence of p values. 
Now a boundary layer is seen to develop in the buckled 
state as p—> ©. A simple “asymptotic solution” of 
the boundary value problem, Eqs. (1) and (7), which is 


t It should be noted that accurate experiments are more diffi- 
cult to perform for shallower shells. 
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found below is compared with the results shown in 
Figs. 9. 

To obtain this asymptotic solution we divide Eqs 
(1) by p and let p—~ ©. The differential equations 
then degenerate into the algebraic equations 


x? — a(x) = 0 (22) 


a(x) y(x) + Px? = 0, 


There are two solutions of this system, corresponding 
to the buckled and unbuckled states, which we desig- 
nate as follows. 

Unbuckled asymptotic solution: 


a,(x) = x, val(x) = —Px (23a) 
Buckled asymptotic solution: 
a(x) = —x%, vilx) = Pr (23b) 


Using these solutions in Eq. (3)—(5), the corresponding 
stresses and deflections are found to be 


W(x) = Q, Zo, alt) = Z¢, u(x) = —P, 
~s, u(x) — x6. u(x) = 0 (24a) 
W(x) = 1 — x7, Zo a(x) = Zep (x) = P, 
Xo, 5°(x) = Zz, 4 (x) = 2(1 + »v) (24b) 


Both of the solutions (23) satisfy the boundary con- 
ditions (7a) at the origin and the unbuckled solution 
satisfies only one of the conditions (7b) at the edge. 
Since neither solution satisfies all the conditions at the 
edge they can be good approximations to the exact 
solutions for large p only in the interior of the shell. 
More accurate approximations can be sought by apply- 
ing boundary-layer methods.'* 

The asymptotic quantities (23)—(24) for P = 1.5 are 
shown as dotted lines in Figs. 9. It is clear that the 
numerical solutions approach the asymptotic solution 
in the interior as p increases. This can be seen more 
clearly from some unbuckled solutions obtained in 
reference 6 for values as high as p = 64. (For example, 
in Fig. 9b of reference 6 the asymptotic solution is the 
horizontal line of ordinate 10, and for p = 64 the error 
is less than 5 per cent.) 


(7) Discussion and Conclusions 


The finite difference solutions are satisfactory for all 
caps in the range 0 < p < 20 as they give a complete 
description of the buckled and unbuckled equilibrium 
states and the critical loads. For caps with p > 20, 
buckled and unbuckled states have been obtained but 
the numerical jumping to a buckled state as P increases 
Thus, the critical loads have 
not been determined. In addition, as a result of the 
weak convergence criterion (21), the validity of the 
solutions for these caps is questionable when P is 


has not been observed. 


‘‘large.”’ 

It is of interest to note that both experiments’ and 
calculations® show that in the unbuckled state there 
exist different ‘‘modes’”’ of deformation for different p 
The modes may be characterized by the 
Since a 


intervals. 
number of maxima and minima of W(x). 
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change in mode occurs near p = 20 we are led to the 
following conjecture: the iteration procedure, in its 
present form, may be inadequate for calculating the 
more oscillatory solutions and/or there may be a more 
fundamental change in the nature of the solutions— 
i.e., the number of equilibrium states may increase with 
the p intervals. 

Some insight into these possibilities may be gained 
by a study of the algebraic system obtained from the 
difference Eqs. (9) and (11) for a fine mesh. A pre- 
liminary investigation indicates that indeed the number 
of real solutions of this system may increase with p. 
In addition, a study of the corresponding iteration 
procedure (12) suggests that the relaxation parameter 
\ should be replaced by a function, A(x;), and that the 
convergence criterion, Eq. (21), should be improved. 
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Unsteady Laminar Compressible Boundary 
Layers on an Infinite Plate With 
Suction or Injection! 


KWANG-TZU YANG** 
University of Notre Dame 


Summary 


This study deals with unsteady compressible laminar bound- 
ary layers on an infinitely extended porous plate. An integral 
solution based on two types of assumed velocity and temper- 
ature profiles is presented for the general case where the unsteady 
free-stream velocity and rate of surface suction or injection are 
both arbitrary. Also indicated is an exact solution, applicable, 
however, only to certain specific unsteady free-stream and sur- 
face suction or injection variations. The reliability and range 
of validity of the integral solutions is then established on the 
basis of numerical results from the exact solution. Finally, 
several general qualitative conclusions of the unsteady effects 
of free-stream velocity and surface suction or injection on laminar 


boundary-layer behavior are made. 


Symbols 
y, dx, 43, dg = coefficients in velocity polynomial 
b,, be, b3, bs = coefficients in temperature polynomial 
be = constant relating to bpas E— « 


9] 
] 


skin-friction coefficient 7,,/[(1/2)po0Uo?] 


specific heat 


i = matching constant in Chapman-Rubesin’s vis- 
cosity-temperature law 

E = to*/e(Ty — To) 

.,, Fe = universal functions of ae 

F = function of yn introduced in Eq. (33) 

£1, £2 = functions of be 

G = function of 7 

h = coefficient of heat transfer 

H = function introduced in Eq. (33) 

I = function of t* 

J = function defined in Eq. (16) 

J « = constant relating to Jas E => 

k = thermal conductivity 

K = function defined in Eq. (12) 

L = characteristic length of plate 

N = Nusselt Number hL/k, 

R = Reynolds Number uol/vo 

Ry = Reynolds Number %L/va 

m1 = physical constant in Sutherland’s viscosity- 
temperature law 

t = time variable in (y, ¢) system 

t = time variable in ( Y,i) system 

4g = dimensionless time variable uof/L 

i = temperature variable 

u,v = velocity components in the x and y directions, 
respectively 

uo = aconstant reference velocity 

u* = Uu/Ue 

W = A,?/Crve 
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£9 = coordinates along and normal to the plate sur 
face, respectively 

) = Dorodnitsyn variable 

Zz = 6,°/Cv 

a = constant unsteadiness parameter 

8 = constant parameter for unsteady free-stream 
flow 


= constant parameter for unsteady suction and 


injection 


3 = (A;/CreX puPe/ Po) 

r = constant relating to lr as E—> 

6 a certain momentum boundary-layer thickness 

by = displacement thickness defined in Eq. (11) 

5» = a momentum boundary-laver thickness defined 
in Eq. (12 

6 = a momentum boundary-layer thickness defined 


in Eq. (19) 


6* = J (1 — u*)dy 
0 


A = a certain thermal boundary-layer thickness 

A; = a thermal boundary-layer thickness defined 
in Eq. (11) 

A, = a thermal boundary-layer thickness defined 
in Eq. (16) 

A, = a thermal boundary-layer thickness introduced 
in the temperature polynomial 

re = ¢,(7 TV o)/ta* 

" = (Y/L) VR/CU — af*) 

0 = (7 —7 it. Pa 

ny = (6:/Cva)( pyd,/ po) 

7 = dynamic viscosity 

v = kinematic viscosity 

p = density 

o = Prandtl Number 

T = shear stress 

Subscripts and Superscripts 
w = plate surface conditions 
x = conditions in the free stream or at the outer 


edge of the boundary layer 
(’) = derivative with respect to the independent 


variable 


(1) Introduction 


| A ewe INFORMATION on laminar boundary-layer 
behavior under different surface and free-stream 
conditions has in the past been obtained from studying 
boundary-layer development on infinitely extended flat 
plates. These results also represent asymptotic solu- 
tions to the corresponding semi-infinite plate problems 
at large distances away from the leading edge. For 
steady conditions, Schlichting! indicated a simple solu- 
tion to the incompressible flow case with constant rate 
of suction at the plate surface. The corresponding 
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compressible flow problem was treated by Illingworth,’ 
who considered the two-dimensional Navier-Stokes’ 
equations of motion and the corresponding energy 
Solutions are also available in the literature 


equation. 
Illingworth 


to certain specific unsteady problems. 
investigated and obtained a solution to the case of 
laminar compressible flow on an infinite plate set in 
motion impulsively from rest based on boundary-layer 
assumptions. This evidently corresponds to Rayleigh’s 
well-known classical solution for the incompressible 
flow case.‘ More recently, Stuart,’ in an attempt to 
verify certain results of Lighthill’s approximate analy- 
sis® for the problem of an arbitrary and heated cylinder 
oscillating in the direction of an oncoming incompres- 
sible flow, succeeded in obtaining exact solutions to the 
Navier-Stokes’ equations of motion and the corre- 
sponding energy equation for a special case of an infinite 
plate with an insulated and porous surface. Ina recent 
paper, Hasimoto’ provided two new exact solutions to 
the incompressible Navier-Stokes’ equations of motion 
for the unsteady infinite plate problem, one being that 
the free-stream velocity is arbitrarily unsteady and the 
velocity normal to the plate surface is constant, and 
the other a similarity solution, for which the free- 
stream velocity varies as a power of time and the normal 
velocity is inversely proportional to the square root of 
time. 

In the steady flow theory, it is now well established 
that suction at the surface of a cylinder provides an 
effective means of stabilizing the laminar boundary 
layer; while, on the other hand, adequate surface cool- 
ing can be accomplished by surface injection (trans- 
piration cooling). However, the corresponding effects 
on boundary-layer characteristics under unsteady 
conditions, especially when the flow is compressible, 
are relatively unknown. This problem is complicated 
in that the free-stream velocity, as well as the suction 
or injection velocity at the surface, could all be arbi- 
trary functions of time. Hasimoto’s similarity solu- 
tion’ for the incompressible case is pertinent to this 
problem, but unfortunately the numerical results shown 
are not sufficient for others to draw any specific con- 
clusion. 

The present study also deals with the infinitely 
extended porous flat plate problem. However, the 
more general case of a compressible flow is considered. 
The purpose of this paper is (1) to provide an approxi- 
mate integral procedure by which the laminar bound- 
ary-layer characteristics such as skin-friction and heat- 
transfer rates at the plate surface may be evaluated 
for any combination of arbitrarily unsteady free-stream 
and suction or injection velocities, (2) to present an ex- 
act solution to the same problem, but for certain spe- 
cific unsteady conditions, (3) to demonstrate the reli- 
ability and limitation of the integral procedure on the 
basis of numerical results from the exact solution, and, 
finally, (4) to draw certain specific conclusions on the 
effects of surface suction or injection and unsteadiness 
in the free-stream flow on different laminar boundary- 
layer characteristics. 


SCIENCES—OCTOBER, 1959 


(2) Laminar Boundary-Layer Equations 


In the present analysis, the following assumptions 
are used: (1) normal velocity of surface suction or in- 
jection is small such that the usual boundary-layer 
assumptions. are still valid, (2) all derivatives with 
respect to the x coordinate are negligible, (3) the pres- 
sure is constant throughout the flow field, (4) the plate 
surface temperature remains constant, (5) c, and o are 
arbitrary constants, and (6) Chapman and Rubesin’s 
viscosity-temperature law is valid. Unsteady com- 
pressible laminar boundary-layer equations based on 
assumptions (3) and (5) for a flat plate with space co- 
ordinate system fixed on the plate has already been 
given by Moore.* By introducing additional assump- 
tions (2) and (4), these same equations are readily 


simplified to 


p(Ou/Ot) + pu(Ou/Oy) = p(du,/dt) + ; 
(0/Ov)[u(Ou/dy)| (1) 


(Op/Ot) + [O(pv)/Oy] = 0 (2) 


pcp|(O7'/Ot) + v(O7T/dy)| = 
(0/dy)[R(O7'/Oy)] + w(Ou/dy)? (3) 


Now the continuity equation (2) may be integrated, 
resulting in 


PU = Puy — p,.(OY/Ot) (4) 


where the time-dependent function v, is the normal 
velocity at the surface, negative for suction and posi- 
tive for injection, and Y is the Dorodnitsyn variable 


defined by 
Y= f (r/p,)dy 
0 


After pv is eliminated according to Eq. (4), Eqs. (1) 
and (3) may further be simplified in following a change 
of coordinates from a (y, ¢) system to a (Y, 7) system, 
where ? = ?, by utilizing assumption (6). The result- 
ing equations now read 


(0u/Ot) + [(Px/ Po )Yw|(Ou/OY) = 
(du ../dt) + Cv..(0°u/OY?) (5) 

(07/08) + [(Pw/P )%w\(OT/OY) = 
(Cv ./a)(0?T/O0Y") + (Cr. 


where C is the matching constant in Chapman and 
Rubesin’s viscosity-temperature law and may be 


Cp)(Ou/OY)*? (6) 


evaluated from 

C = (7,/T.)* (Te + S)/(Te + §)) 
where S has a value of 216°R. for air. The initial 
condition generally depends on a particular problem, 
while the boundary conditions are simply 


T= T 
T—>T. 


Y=. #¢=6, (constant) 


Yoo, uta, (constant) 


Note that Eq. (5) is entirely independent of the 
transformed energy Eq. (6), and hence may be treated 
separately. 
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(3) An Integral Solution 


In this Section, an approximate integral solution to 
Eqs. (5) and (6) is presented for the general problem 
in which u., and v, are both prescribed, but arbitrary 
It represents the asymptotic solu- 
In view of its 


functions of time. 
tion under these unsteady conditions. 
high degree of accuracy and simplicity in application, 
as will be demonstrated later, this solution should 
prove useful in dealing with the physically important 
problem of a finite porous plate with a given set of free- 
stream and surface suction or injection unsteadiness. 

By introducing the following dimensionless depend- 
ent variables: 


u* = 0/0 ws, 


6= (1 — T.)/(T, — T.) 
Eqs. (5) and (6) reduce, respectively, to 


(1/u <)[O( .u*)/OE] + [(pu/p o)%w|(Ou*/OY) = 
(1/u.)(du ./dt) + Cv.(O0*%u*/OY+) (7) 


(00/08) + [(Pr/p @)%w|(00/OV) = (Cv./)(0°0/OY*) + 
[Cr ott «?/¢p(Tw — To) \(Ou*/OY)? (8) 


which, when integrated with respect to Y, yield readily 
the following integral momentum and energy equations, 
respectively: 


(1/u .)[d(u 06;)/di| = 
(Pw/P @)Ue + Cv.(Ou*/OY), (9) 


dA,/dt = (py/po)te — (Cv./a)(00/0Y)e + 


6 
ir tts /Ol 6 =F 1 f (Ou*/OY)*dY (10) 
0 


6 6 
6) —_ { (1 7 u*)dY, Ay -f 6d VY (11) 
0 0 


and 6 and A are functions of time to be defined later. 

Before these integral equations are solved, it is 
first necessary to introduce certain velocity and tem- 
perature profiles. Two types of profiles are considered 
in the present study. One is an exponential function, 
which has previously been used by Schlichting? and 
Lew" in steady flow problems, and the other, the 
well-known fourth-degree polynomial. The  in- 
tegral solution is now described in terms of these two 
types of profiles with the case of exponential function 
to be treated first. 

Since it is independent of Eq. (10), Eq. (9) is first 
considered. The velocity profile u*(Y, 7) is assumed 
to have the following form: 


where 


u*(Y,?) = 1 — eW YO" — [y/a@)|K@} (12) 


where 6,(7) and K(?) are to be determined from Eq. (9) 
together with a surface condition and K is to assume 
negative values only. One advantage of using this ex- 
ponential form is that the usual conditions in the free 
stream such as u*(o, 7) = 1, Ou*(~, ?)/OY = O, and 
0°u*(o, ?)/OY*? = O are automatically satisfied with 


Y approaching infinity. Thus, with 6 = © and Eq. 


(12) introduced, Eq. (9) reduces to 


dZ/di = 2(1 — K*) + 2A — 2Z[(1/u.)(du../dt)| (13) 


where 
Z = 6,7/Cva, X= (6:/Cv a) [(Pu/0 @) Vx 
with the help of the following identity : 
5/6.=1-—K 


according to Eq. (11). In addition, Eq. (7), when 


evaluated at the plate surface, becomes 


[(Pw/ P x Ve (Ou*/OV), = 


(1/u.)(du../dt) + Cv.(O07u*/OY"), (14) 


which in turn may be written as 


(1 — K*) + (2K + 1)(1 — K)? = 


[((1/u.)(du../dt)|Z (15) 


With a given initial value of Z, Eq. (13), with the aid 
of Eq. (15), may be solved by any standard numerical 
procedure, yielding Z(?), K(?), and A(?). 

An almost identical treatment may now be applied 
to Eqs. (8) and (10). By introducing a similar expo- 
nential function for the transformed temperature pro- 
file as indicated below 


0(Y, 2) =e" "ly — [y/aAM@]I@} (16) 


where J also is to assume negative value only, the fol- 
lowing pair of dimensionless equations corresponding 
to Eqs. (13) and (15) for the momentum field may be 
obtained : 


dW/di = 2T + (2/e)(1 — J?) + 
(E/2)(K* + 2K + 2)(1 — K)(T/A) (17) 


oV(1 — J*) + (27 + 1901 — J?) + 
Eo(T/\)?01 — K?)? = 0 (18) 


where 


W = A,*/Cr., T = (A;/Cr.)[(ee/P adel, 
B= @.*/tedile — To) 


In a specific problem, any standard numerical pro- 
cedure may again be used to solve Eqs. (17) and (18), 
resulting in W(i), J(2), and T'(?). 

Now the integral solution based on fourth-degree 
polynomials for the profiles is described. In Eggs. 
(9) and (11), 6 may now be replaced by a momentum 
boundary-layer thickness 6,, and 6, then is obviously a 
displacement thickness. The fourth-degree velocity 
polynomial is written in its usual form: 


u*( 7. i) = ay( F, 5p) + As( Y 6»)? + 
a3( Y/5,)* + as(Y/6,)* (19) 


where the coefficients a), a3, and a, may all be expressed 
in terms of d2 in view of the free-stream conditions 


Ou*(5,, 2)/OY = 0, 
07u*(6,, 2)/OY? = 0 


u*(6,, ?) = 1, 


resulting in 
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a= Silas), a3 = —-2—-— a2, ay = (de 3) — | 


) 


where fild2) = 2 — (a2/3) 


When Eq. (19) is introduced in Eq. (9), we have 
dZ/dt = 2X(1 — fife) + 2fife + 4a2f2” (20) 


where fo(de) = 6/6» = (18 + az)/60 


Furthermore, Eq. (14) in this case reduces to 


Mife — 2defo? = [(1/u.)(du./dt) |Z (21) 


It is obvious that Eqs. (20) and (21) correspond di- 
rectly to Eqs. (13) and (15) for the case of exponential 
profiles. 

Based on another fourth-degree polynomial for the 
transformed temperature profile, 


60(Y, 7) = 1 + b(Y/A,) + be(Y/A,)? + 
b3(Y/Ap)*® + b4(Y/A>)* 


where A, replaces A in Eq. (10), and 0;, 63, and 0, are 
expressible in terms of }, from the usual free-stream 
conditions, a similar treatment yields the following 


equations: 


dW/dt = 2T + (2/a)gigo + 
(2E/105)fo(T'/X) (a2? — Saz + 156) (22) 


Qboge? + oD gige + cEfi7fo2(T/A)? = O (23) 


where g,; = 2 + (b2/3) and ge = (18 — b»)/60. 

Finally, these solutions in the (JY, /)-system may 
readily be changed back to those in the original physical 
system by means of the following inverse transforma- 
tion. 


vy 


y= V+ [(7,/To) — 1] | OdY, t=i (24) 
/70 
In addition, such laminar boundary-layer character- 
istics as skin friction and surface heat transfer may also 
be simply calculated according to the following rela- 
tions: 
For exponential profiles 


eR? = [ry/(1/2)p ot o?)(uoL/va)'” = | 
2(1 — K2)(CL/Zu.)' e 
9 9 (2) 

NR7*? = (hL/kw) (tt oL/¥0)~'” = | 

(1 — J?)(T /Tw)(L/CWu .)'”” 

For fourth-degree polynomials 
csR'”* Ai fo(CL/Zu .)'/” - 
of 20) 
T)(L/CWu w)'/"$ 


NR~'? = gy9(T 


where ZL is a characteristic length of the plate. The 
relative accuracy and range of validity of using these 
two different types of profiles will be indicated in a 


later section. 


(4) An Exact Solution 


The primary purpose of this section is to present an 
exact solution to Eqs. (5) and (6) for a set of specific 


free-stream flow and surface conditions. This exact 
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solution has a dual function in providing not only a 
basis for establishing the accuracy and range of reli- 
ability of the integral procedure but also results from 
which certain specific conclusions may be drawn on 
the effects of unsteady free-stream and surface un- 
steadiness on different laminar boundary-layer char- 
acteristics. As mentioned previously, Hasimoto’ has 
recently obtained a similarity solution to the incom- 
pressible Navier-Stokes’ equations of motion for the 
case of an infinite plate moving unsteadily in a fluid 
with surface suction or injection. In the present solu- 
tion, Eq. (5), which is independent of Eq. (6), is solved 
in a manner similar to that used by Hasimoto. A simi- 
larity solution, however, is not possible for Eq. (6), 
which fortunately may be solved, after a suitable 
transformation, by the usual method of separation of 
variables. 

According to the following change of independent 
variables: 

n = (Y/L)[Ro/CQ — at*)]*,  t® = wl/L 
where a is a constant parameter, Eq. (5) may be written 
as 
) [an/2(1 — at*)] + [(pu/pa)tw] X 

(L/uo)[Ro/C — at*)|'/7! (Ou*/dn) + 
(Ou*/Ot*) dt®*) + 
[1/(1 — at*)] (O°?u*/On?) (27) 


((1 — u*)/u|(du« 


Now it is possible to obtain a similarity solution for 
Eq. (27) if 


u* = y*(n), u ul — at*)~” ) 
; $ (28) 


[( p/P wo) Pw |(Ro' 2 /up) y{C/A - at*) |} 3, 


where @ and y are both arbitrary constants. The 
associated ordinary differential equation may be de- 
rived readily, and is shown as 


u*” — [(a/2)n + ylu*’ — aBu* + aB = 0 (29) 


which must be solved with the following boundary 


conditions: 


u*(0) = 0, u*(o) = 1 (30) 


The three constant parameters a, 6, and y, in Eq. 
(29) all have certain meanings. The 


quantity a is an indication of unsteadiness in the prob- 


physical 


lem. When a is zero, the present problem reduces to a 
steady flow case. In the unsteady problem, it is as- 
signed a numerical value of —1 without loss of general- 
ity, because of the arbitrary scale factor in the defini- 
tion of ¢*. The negative sign is essential, since from 
Eq. (29) it is seen that the coefficient [(a/2)n + y] 
of the u*’ term must assume negative values as 7 ap- 
proaches infinity in order that the boundary condition 
u*(co) = 1 can be satisfied. The quantity @ is a 
parameter relating to the unsteadiness in the free- 
stream flow with negative values indicating acceler- 
ation and positive values indicating deceleration. The 
significance of y is self-evident and it may be con- 
sidered as a suction (negative values) or injection 
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(positive values) parameter. It is also interesting to 
note that, fora = —1, 8 = 0, and any y, the problem 
reduces to one with steady free-stream flow and un- 
steady surface suction or injection. 

Now the transformed energy equation (6) is con- 
sidered. Even though a similarity solution is still 
obtainable for a particular case 6 = 0), it is, however, 
not desirable because of the restriction on 8. Fortu- 
nately, an exact solution to Eq. (6) for the general 
case may be obtained by the usual method of separation 
of variables. In using the same transformation of 
coordinates from the (Y, 7) system to the (n, ¢*) system 
and introducing a new dimensionless dependent vari- 


able ¢ defined by 
f= o,(T — T.)/uo’ 
Eq. (6) is readily reduced to 


(1 — at*)(O¢/Oi*) + [(a/2)n + y](OF/On) + 
2aBe = (1/0)(07¢/On?) + (du*/dn)? (31) 


The corresponding boundary conditions are 


t(0, @) = cil, — f=)/#.*? = 1/£, 


f(o,?*) = 0 (32) 


Eq. (31) is a linear nonhomogeneous partial differential 
equation which may be solved as follows: The com- 


plete solution may be written as 
t(n, t*) = F(a, t*) + H(a, t*) (33) 


where F(y, ¢*) is a particular solution to the nonhomo- 
geneous equation and //(n, *) the complementary solu- 
tion to the homogeneous part of Eq. (31). By inspec- 
tion, F may be assumed to be independent of ¢* and is 


governed by the differential equation 
(1/a)(d?F/dn*) — [(a/2)n + y|(dF/dn) — 
2aBF = —(du*/dn)? (34) 


with the boundary conditions F(0) = 0 and F() = 0. 
The complementary solution //(n, t*) is obtainable by 


the method of separation of variables—i.e., 
HH (n, t*) = G(m)I(t*) 


which, when substituted in the homogeneous part of 
Eq. (31), yields the following identities: 


T(t*) = 1/E (35) 
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G"(n) — a[(a/2)n + y|G'(n 0) (36) 


In view of Eqs. (32), Eq. (36) must be solved with 
boundary conditions G(0) 1 and G(¢ 0. Fi- 
nally, the complete solution to the transformed energy 
equation (6) may be written as 


{(n, t*) F(n) + (1/E)G(n) (37) 


Physically, G(n) is related to the temperature profile in 
the boundary layer when the free-stream velocity is 
low or the flow is incompressible, while F(n) represents 
the effect of friction heat on the same temperature pro- 
file when the free-stream velocity becomes high 

Numerical results of the exact solution have been 
calculated for only a few combinations of the three 
parameters a, 8, and y. However, the number of 
cases calculated is still sufficiently large to permit 
drawing certain conclusions on the effects of unsteady 
surface suction or injection and free-stream flow on 
laminar boundary-layer characteristics such as skin 
friction and heat transfer. As already pointed out, 
without loss of generality, it is only necessary to assign 
two values to a, zero for the steady case and —1 for 
the unsteady case. The free-stream velocity param- 
eter 8 is assigned the following values: —1, —0.5, 0, 
+0.5, +1; and the surface suction or injection param- 
eter y: —4, —3, —2, 0, +1, +2. 

Now the solutions to ordinary differential equations 
(29), (34), and (36) with their respective boundary 
conditions are considered. All these equations are 
linear, and of the second order, and consequently may 
be solved by any one of the standard numerical pro- 
cedures.'' However, solutions in closed form may also 
be arrived for certain specific values of the parameters. 
In the case of steady conditions (i.e., a = ()), the follow- 


ing results are readily obtainable: 


u"(e) = 1 — ¢” (38) 
F(n) = [¢/(4 — 20) ](e’” — e?”) (39) 
Gig) = e”™ (40) 


It is noted that Eq. (38), under the condition of con- 
stant property values, reduces identically to that of the 
corresponding incompressible flow case, and only suc- 
tion is allowable (i.e., y < 0), in order to realize sensible 
velocity profiles. When the problem is unsteady (i.e., 
a = —1), the function G(n) is independent of 8 and is 


given for any y by 


N+] dy /f e?!- n*/4) +0 in) (41) 
/70 


In addition, we have for a = —1, 6 = 0, and any jy, 
n . 
x — (92/4) + 2/4) +4 ‘ 
u*(9) = [ e€ TTY de | ee ” dn (42) 
/70 70 


. rs a| (7? ++] a|—(n? )++yn “ “9\9 —al[—(n )+ yn] / o| n*/4)+%¥n 
F(n) = { ef" (ei) re (} [ 7! 4) + val [ a(u*’)*e +a) dn | dn | [ e : dn¢ 
J0 Wo J0 / Jo 
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Fic. 1. Unsteady velocity profiles for a = —l and Bp = —1. 
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0 | 2 3 ? a 5 6 ‘id 
Fic. 2. Unsteady velocity profiles fora = —land 6B = —1/2. 
and for a = —1, 6 = +0.5, and any y < 0, 
u*(n) = 1 — e  "/9 tm (44) 


For all the other cases for which solutions in closed 
form are not obtainable, the step-by-step numerical 
calculation procedure for general second-order linear 
equations!! has been used, and all the starting values 
have been obtained from power-series expansion. The 
calculations for F(n) have been carried out with ¢ = 
0.7. 

Figs. 1-5 inclusive indicate the resulting solution 
to Eq. (29) at different 8 and y values for the unsteady 
problem, and illustrate, in particular, the effects of both 
free-stream unsteadiness and surface suction and in- 
jection on the velocity profiles. Their effects on the 
temperature distribution in the boundary layer are in- 
directly shown in Figs. 6-11 in terms of the two func- 
tions F(n) and G(n) in view of the fact that according 
to the definition of ¢ and Eq. (37), the temperature 
profile is given by 


6 = (T — Ta)/(Tw — To) = Gin) + E(t*)F(n) (45) 
Physical interpretation of these Figures should be re- 


ferred back to the physical coordinates (y, ¢) through 
the following inverse transformations: 


y = L[C(1 — at*)/Ro]"”? Ly + (40%/epT a) X 


| Fondn + [(Tx/T .) — 1] [conan t = t*L/uo 
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From these solutions, boundary-layer characteristics 
such as skin friction and surface heat transfer may then 
be readily calculated according to the following respec- 
tive relations: 


cpyR'? = [Queu*'(0)/uw|[C/(1 + t*)]'* ~— (46) 


> 


NR7'? = — (T/T w) (uo/Cu o(1 + t*)]'”? x 
[G’(O) + E(t*)F’(0)] (47) 


Characteristic quantities such as u*’(0), G’(O), and 
F’(0) will be shown in Section (5) when the approxi- 
mate integral solution is compared with the exact solu- 
tion. 


(5) Reliability and Range of Validity 
of the Integral Solution 


In view of the fact that adequate ranges of variation 
of unsteady free-stream velocity and surface suction 
and injection are covered by the constant parameters 
used in the exact solution, the exact results provide an 
excellent basis for establishing the reliability and 
range of validity of the approximate integral solution. 
To do this, it is only necessary to calculate from the 
integral solution those characteristic quantities u*’(0), 
G’(0), and F’(0) for different combinations of param- 
eters and then to compare their values with those from 
the exact solution. 


From the exact solution, we may write 
dZ/di = —aé*?, dX = y¥6*, 


(Z/u.)(du./dt) = aB6** (48) 


where 6* is defined as 


= | (1 — u*)dn 
0 


and is related to the quantity 6; in the integral solution 
through 


6* = (6,/L) [Ro/C(1 — at*)]'”” 
When these identities are substituted into Eqs. (13) 


and (15), the following pair of algebraic equations 
results: 














a(28 — 1)8*? —-278* — 2(1 — K*) = 0 | 
aBi*? — y(1 — K*)6* — (2K + 1)(1 — K)? = Of 
(49) 
10 
Kin —. 
08 + /7 
06 4 » 
*, 4 
Y 
04 - x 
02 
16] T T a — T 1 - J 
0 ! 2 3 4 5 7 
4 
Fic. 3. Unsteady velocity profiles for a = —1 and 8 = 0. 
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from which the two unknowns K and 6* may be readily 
calculated for any combination of a, 8, and y. The 
characteristic quantity «*’(0) may then be determined 
simply from u*’(0) = (1 — K?)/6*. 

A similar substitution of Eq. (48) into Eqs. (20) and 
(21) yields the corresponding equations based on poly- 
nomials: 

ad*? + 2yv(1 — fi f2)6* + 2fife + 42/2" = 0| . 
aps*? — vfifod* 4. Qaofs? =i f (90) 


where a. and 6* are the unknowns. 4u*’(() is then evalu- 


ated as 
u*'(O) = fife/6* 
For the steady case (i.e., a = 0), both Eqs. (49) 
and (50) give u*’(0) = —-y, which agrees perfectly with 


the exact solution, Eq. (38). In the unsteady case 
(i.e., a = —1), comparisons can only be made for indi- 
vidual cases, as shown in Table 1. Note that u*’(0) 
values based on polynomials are not indicated for nega- 
tive values of y, since in most of these cases no phys- 
ically sensible results are obtainable. The general 
agreement between the exact results and that from the 
integral solutions is excellent, except in cases where 
laminar separation given by the condition u*’(0) = 0 
is approached. This, however, is not surprising, since 
in steady laminar boundary-layer theory it is known 
that most integral solutions do not predict separation 
point satisfactorily. Under suction conditions, it is 
seen that the integral solution based on exponential 
profiles yields very accurate results, especially when 
acceleration and suction rate are large. However, 
the same solution based on polynomials does enjoy 
some advantage in accuracy for cases with surface in- 
jection over that based on exponential profiles. This 


TABLE | 
u*’(0) Values for Different Unsteady Parameters 8 and y With 


ae = 


¥ B -1 | -—(1/2)| oO +(1/2) | +1 
Exact 3.874 
—4 Exponential 3.874 
Polynomial 
Exact 3.0 2.833 
3. Exponential 3.0 2.831 
Polynomial : 
Exact |2.555| 2.391 |2.208) 2.0 1.752 
2 | Exponential | 2.561| 2.397 | 2.213 2.0 1.740 
Polynomial ~ - 7 - 
Exact 1.770} 1.565 | 1.320 1.0 
—1 Exponential | 1.784 1.580 1.333 1.0 


Polynomial 
Exact 1.128) 0.886 | 0.564 
0 | Exponential | 1.155; 0.921 | 0.612 
Polynomial | 1.333 0.843 | 0.548 


Exact 0.690; 0.449 | 0.113 
+1 Exponential | 0.725, 0.500 | 0.207 
Polynomial | 0.671) 0.445 | 0.147 
Exact 0.445; 0.249 0.005 
+2 | Exponential | 0.474; 0.288 | 0.071 
Polynomial 0.443) 0.256 | 0.040 
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Fic. 4. Unsteady velocity profiles fora = —land 8 = +1/2 
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Fic. 5. Unsteady velocity profiles fora = —1l and B = +1 


advantage becomes more pronounced when the laminar 
separation is approached. 

The comparison of thermal-layer calculations may be 
made in two parts. One is to compare G’(0) values, 
which, according to Eq. (47), are directly related to the 
coefficients of heat transfer in low-speed flow, and the 
other is to compare values of F’(0), which represent 
contributions of friction heat to the rate of heat transfer 


at the plate surface. From Eq. (37), we have 


(0¢/On), =0 = F’(O) + (1/E)G"(0) (51) 


in which the partial derivative may also be expressed 
in terms of the temperature gradient at the plate, as 
follows: 


(0¢/On),-0 = —(1/E)[C( + t*)/R]'"(08/OV)e (52) 
A combination of Eqs. (51) and (52) then yields 


(0) = —{[CQ + t*)/Ro]'7(00/OV) we} eo (53) 
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F’(0) = —{(1/E)[C(. + ¢t*)/Ro]'7(00/0Y) x} p~ 


(54) 


Note, by introducing the two types of transformed 
temperature profiles indicated in Section (3), the fol- 
lowing respective equations are obtained : 

For the exponential profile 


G’(0) = —[U — J*)yv/Tl]eo0 ~~ 
(De) 
F'(0) = -—[( — J?)y/ET |e. ! 
For the polynomial 
G'(0) = —(gigev/T)z+o | =e 
» ( ) 
F’(0) = —(gigoy/ET) pr f 


In the case of exponential profiles, Eqs. (17) and (18 
reduce, respectively, to 


) 


(T/y)? = 2TF + (2/e)(1 — J?) | 
i ~ +47 + DA - JF = OF 


in which I and y are unknowns for a set of specified 
values of y and oc. It is interesting to note that G’((), 
according to Eqs. (55) and (57), is independent of the 
flow parameter 8, a feature which agrees with the 
exact solution, Eq. (41). A similar consideration may 
also be made of Eqs. (22) and (23), which, when again 


evaluated at E = 0), become 
(T/y)? = 27 + (2/0)gig5) 7 
9 - ( (DS) 
2bego’ + oD gige = 0 
respectively. With o = 0.7, G’(0) values have been 


calculated for different values of y from Eqs. (55), (57), 
(58), and (56). The results, together with those calcu- 
lated from the exact solution, are shown in Table 2. 
It is seen that the approximate values based on expo- 
nential profiles again agree very well with the exact 
values under suction conditions, while those from the 
polynomials tend to be more accurate when injection 
prevails. The polynomial solution again does not 
yield sensible results when suction is large. 

Now the approximate calculations of F’(0) are con- 
sidered. As / approaches infinity, it is expected that 
J and I associated with the exponential profiles behave, 
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respectively, as 


where /.. is a positive constant, and I... is also a con- 


stant, but has the same sign as that of y considered. 


Accordingly, Eqs. (17) and (18), as Ek > reduce, 
respectively, to 
ou*’(0)/4)[(K? + 2K + 2)/11 + K)] + 

[o(48 — 1)/2y]P yJa2/Ta} (59 
25 at + oF oT ) o[u*’(O) |2/y4r 


The two unknowns J. and I... may then be solved 


uniquely. Finally, F’(0) is determined from 


(60) 


F’(0) = —{(1 —_ J*)4 ET |r = yJ /T 


The corresponding equations based on polynomials may 
be similarly derived, and they are shown as follows: 


[ou*’(0)/105][(a2? — Sa2 + 156)/fi] + 
[o( 18 — | 27 |T = yb» */180T (O61) 
bso? + 100b9 .°T ) 18000 [u*’(O) }2/y74T 2 
F’(0) ybs .*/180T (62) 


where the constant }.. is introduced through }b. = 
—b..k. Table 3 shows the calculated F’(0) values 
from Eqs. (59), (60), (61), and (62) as compared to 
those according to the exact solution. It is evident 
that the overall agreement is very satisfactory, except 
in those cases close to laminar separation. The rela- 
tive merits of the two types of profiles used in the in- 
tegral solution with respect to F’(0) values are seen to 
be the same as those already indicated. 

Since these comparisons have covered adequate 
ranges of variation of the two unsteady parameters 
8 and y, it may be concluded, for the general unsteady 
problem on the basis of the results of these compari- 
sons, (1) that the integral solution presented previously 
is capable of yielding accurate results on unsteady 
laminar boundary-layer behavior except in the immedi- 
ate neighborhood of laminar separation, (2) that un- 
der unsteady suction conditions, the integral procedure 
based on exponential profiles may be used, and the 
result is expected to be accurate, especially when the 
suction rate and acceleration are large, and (3) that 
the integral solution with polynomial profiles tends to 
yield more accurate results when injection occurs at the 
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TABLE 2 
G'(O) Values for Different Unsteady Parameter y With a = l, 
o0 = 0.7, and any 8 
Y GO 
Exact 2.913 
-4 Exponential 2.917 


Polynomial 

Exact 2.246 
3 Exponential 2.248 

Polynomial 


Exact 1.598 
-2 Exponential 1.603 
Polynomial 


Exact 0. G00) 
-I Exponential 1.004 
Polynomial 
Exact 0.472 
0 Exponential 0.512 
Polynomial (0). 458 
Exact 0.133 
a Exponential 0.209 
Polynomial 0.155 
Exact 0.015 
+2 Exponential 0.061 
Polynomial 0.050 


plate surface, especially when laminar separation is 


approached. 


(6) Some General Conclusions 


In a practical application with a set of specific un- 
steady free-stream flow and surface suction or injection 
conditions, conclusions can only be drawn after the 
integral procedure is applied and result obtained. How- 
ever, in view of the fact that the results of the exact 
solution do cover cases with acceleration, deceleration, 
unsteady suction, and injection, it is possible to draw 


PABLE 3 
F’(O) Values for Different Unsteady Parameters 8 and y With 
a= lande = 0 7 
7 8 l —(1/2 0 +(1/2 +] 
Exact 1.456 
$ Exponential 1.437 
Polynomial 
Exact 1.108 1.139 
—3 Exponential 1.099 1.107 
Polynomial 
Exact 0.804 0.785 0.774 0.788 0.957 
2 Exponential 0.807 0.785 0.777 0.776 0. 963 
Polynomial 
Exact 0.515 0.486 0.466 0.525 
-1 Exponential 0.512) 0.479 0.452. 0.401 
Polynomial 
Exact 0. 282 0 240 0.207 
Q Exponential 0.274 0.226 0.169 
Polynomial 0.475 0.244 0.189 
Exact 0.129 0.086 0.052 
+1 Exponential 0.123) 0.078 | 0.024 
Polynomial | 0.132 0 O89 0.034 
Exact 0.054 0.025 (0.005 
+2 Exponential 0.053 0.025 0.002 
Polynomial 0.055 0.023 0.006 
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certain qualitative conclusions about these unsteady heat transfer at the plate surface in the compressible A 
effects on laminar boundary-layer behavior over in- flow case may be considered on the basis of Eq. (47) 
finite plates. and values indicated in Table 3. For large E(t* 
(1) The skin friction at the plate increases with values, which correspond physically to high velocities 
increasing acceleration, independent of whether there in the free-stream flow, the contribution of friction heat 
is suction or injection at the surface. It also increases decreases with decreasing suction and increasing in- 
with increasing rate of suction for any given unsteadi- jection. It also decreases with decreasing acceleration. 
ness in the free-stream flow. These effects are gener- Furthermore, when deceleration becomes large under 
ally known, since they may be readily arrived from suction conditions, the trend is reversed and the fric- 
quasi-steady solutions. tion-heat contribution becomes increasingly larger in 
(2) As long as acceleration prevails in the free- magnitude. 
stream flow, including the case of zero acceleration, no 
laminar separation is possible, unless the rate of injec- a 
tion becomes infinite. This is well substantiated by re- 
sults shown in Table 1. In fact, this conclusion may 1 Schlichting, H., Die Grenzschicht mit Absaugung und Aus- A 
also be shown from the integral solution. At laminar blasen, Luftfahrtforschung, Vol. 19, p. 179, 1942. ; tert 
separation ee ey Eq. (15) lions to * Illingworth, - =, Some Solutions ohaaed Equations of Flow of of t 
a Viscous Compressible Fluid, Proceedings, Cambridge Philo- (a) 
, (4u ../Z) aay Society, Vol. 46, pp. 469-478, 1950. - fort 
3 Tllingworth, C. R., Unsteady Laminar Flow of Gas Near an sub 
ite F ’ seedings. C: idge Philos ice “ietv 
indicating that this condition is only satisfied when the ogo ——a.. taal tint aa 
free-stream flow is decelerating, since both u and Z 4 Howarth, L., Rayleigh’s Problem for a Semi-Infinite Plate, ee 
must always be positive. Proceedings, Cambridge Philosophical Society, Vol. 46, pp. 127- def 
(3) In steady flow theory, it is known that laminar 140, 1950. ; ee ee cas 
separation to a certain extent is related to the insta- ions illustrating the Response of Skin Friction ond Temper, | ce 
bility of the laminar boundary layer. If this is also ature of an Infinite Plate Thermometer to Fluctuations in Stream ver 
true in the unsteady case, then it will be relatively Velocity, Proceedings, Royal Society of London, Series A, Vol hws 
difficult to maintain a stable laminar boundary layer 231, pp. 116-130, 1955. ani 
under deceleration conditions, unless an adequate rate * Lighthill, M. J., The Response of Laminar Skin Friction and unc 
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A Study of Creep Collapse of a Long Circular 
Cylindrical Shell Under Uniform External 


Pressure 


N. J. HOFF,* W. E. JAHSMAN,** anp W. NACHBAR*** 
Lockheed Aircraft Corporation 


Summary 


A long, thin-walled cylindrical shell is loaded by a uniform ex- 
ternal pressure. Equations are developed for the time behavior 
of the shape of the cross section under the following conditions: 
(a) the shell material exhibits only secondary (steady) creep de- 
formations expressible by a power creep law; (b) the initial and 
subsequent mode shape of the deviations from circularity of any 
cross section is two-lobed; and (c) the shell construction is of the 
sandwich type, with concentric cylindrical membranes taking 
normal stresses and an annular core supporting shear without 
deformation. Explicit solutions are obtained for the particular 
case of the cubic creep law. It is shown that the nondimensional 
amplitude of the cross-sectional mode shape (briefly, shape fac- 
tor) will become infinite in a finite time. Curves of shape factor 
versus time and of collapse time versus initial value of the shape 
factor are presented. Also given are an explicit expression for 
and a curve of the expected variation in collapse time owing to 
uncontrollable deviations from a nominal initial value of the 
shape factor. It is shown that the expected variation is small 
if the nominal initial shape factor value is sufficiently large. 


Symbols 
A = cross-sectional area per unit length of shell wall 
B = point on shell circumference defined by R, @ 
H = horizontal force in shell wall 
Js = second stress invariant 
K = creep law constant 
L = length of column 
M = bending moment in shell wall (per unit length) 
N = bending moment in shell wall at ¢ = O (per unit 
length ) 
= compressive force in shell wall (per unit length) 
R = radial distance from point on circumference of shell 
to center of shell 
R average radius of shell 
S = shear force in shell wall (per unit length) 
J = vertical force in shell wall (per unit length ) 
X = ak/p; weighted shape factor of cross section 
} = N/apk? 
Z = (1 — Y)/a 
do = initial deviation from straightness of column 
h = sandwich shell wall thickness 
h, = wall thickness of equivalent homogeneous shell 
k = creep law constant 
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January 26-29, 1959. 

* Head, Department of Aeronautical Engineering, Stanford 
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n = creep law exponent 

p = uniform external pressure acting on shell 

s = circumferential arc length 

t = time 

é. = critical time 

x,y,2 = rectangular coordinates 

a = shape factor of cross section 

B = angle between tangent to circumference and normal 
toR 

é = creep strain rate 

: = time rate of change of the geometric curvature of 


shell in plane of the cross section 
K. = time rate of change of the curvature obtained through 
creep law and equilibrium considerations 


nN = creep law constant 

p = shell wall radius of gyration 

o = stress 

T = {( nk/3)(pR Ad)"(R/p)?|—, time constant 
o = polar angle 

é = variable of integration 

At = time increment 

At., = deviation in critical time 

AX) = uncertainty in initial shape-factor amplitude 


Subscripts and Superscripts 


B = point corresponding to R, @ 
i = concave side of the tube 
o = convex side of the tube or initial value 


axial direction 
circumferential direction 
= referring tocolumn; derivative with respect to ¢; or 


ll 


7 
Il 


referring to deviatoric stress 


Introduction 


A LONG, thin-walled cylindrical shell, whose material 
is subject to creep, is under the action of a uniform 
external pressure, p. The cross section is assumed to 
have some slight initial deviation from circularity. This 
initial deviation is increased by the creep deformations 
at an increasing rate with time until the cylinder col- 
lapses. In the subsequent analysis of creep collapse, 
the following simplifying assumptions are made: (a) 
the shell wall construction is of the ideal sandwich type; 
i.e., bending moments and normal forces are supported 
by membrane stresses in two concentric cylindrical 
sheets, and shear is supported without deformation by 
the core annulus between the sheets; (b) the sheet 
material exhibits only secondary creep deformation; 
primary creep as well as elastic and plastic deformations 
are absent; and (c) the initial as well as all later shapes 
of the cross section are quasi-elliptically cylindrical, 
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Fic. 1. Shape of the median line of cross section 


corresponding to the two-lobe mode of collapse in the 
elastic case. 

The analysis proceeds by developing two separate 
expressions for the time rate of change of the curvature 
at every point along the median line of the deformed 
cross section. In the first expression, the curvature 
rate is calculated by employing differential geometry 
alone; this curvature rate is designated as «,. In the 
second expression, the curvature rate is related to the 
external pressure and the shape of the deformed cross 
section. This relationship is accomplished in three 
steps: first, by relating the curvature rate to the strain 
rate of the cylindrical sheet elements; second, by relat- 
ing the strain rate to stress and stress resultants through 
the creep law; and, finally, by relating the stress re- 
sultants to the imposed loading through the equations 
of equilibrium. The time rate of change of curvature 
found in this manner is called «,._ If the exact shape of 
the deformed cross section were known, «, and «,, as 
computed from this shape, would be identically equal 
at every point along the median line. But, since the 
deformation is constrained according to condition (c) 
above, x, and «, are not identically equal, even though 
their maximum, minimum, and nodal points coincide. 
However, the assumed shape of the deformed cross 
section has one free parameter, which is a function of 
time and is called the shape factor. At any time, 
this factor can be so chosen that «, and «, are made 
approximately equal according to some criterion. The 
criterion chosen here involves a continuous collocation 
technique such that the average value of the difference 
(ky — ke) over any quadrant of the cross section between 
nodes will vanish. Imposition of this condition estab- 
lishes a differential equation, the solution of which gives 
the growth of the shape factor in time as a function of 
the shell dimensions, pressure, material properties, and 
initial deviation. The differential equation can be 
solved by quadratures. 

For the case of the cubic creep law, the integration is 
carried out explicitly and a simple, closed formula is 
obtained for time as a function of a weighted shape 
factor which is proportional to the maximum amplitude 
of the deformation. This formula shows that the ampli- 
tude will grow from a small positive initial value beyond 
bounds in a finite time interval. This time interval 
is designated as the critical time. The time behavior 
of the amplitude is such that it will become large and 
grow rapidly only for times close to the critical time. 
For this reason, the critical time is considered likely 


SCIENCES OCTOBER, 1959 
to be a close approximation to the actual observed creep 
collapse time of the shell. 

Only one paper on the general subject of the creep 
collapse of shells subjected to external pressure is known 
to the authors. This is the work of Sundstrém,! which 
deals with the problem of a cylindrical shell of finite 
length under axial compression and external pressure. 
Although the problem which Sundstrém considers is 
more general than that presented here, the assumptions 
on the moment distribution, which are necessary in 
Sundstr6ém’s work in order to obtain a solution, appear 
to be somewhat restrictive. Sundstrém does not pre- 
sent explicit solutions, so that a comparison of the re 
sults of the two analyses is not possible. 


Analysis of Collapse Phenomenon 


At any time, ¢. the median line in the cross section 
is defined by a functional relationship of the type, 
R = R(¢, t). A typical R — @ curve is plotted in 
Fig. 1. 

In Fig. 1, & is the radial distance from the origin 
to a point on the median line of the cross section, ¢ is 
the angle subtended by the radius and the x axis, s is 
the circumferential arc length from the x axis to the 
radius, and £8 is the angle between the tangent to the 
circumference at R(@) and a normal to the radius. 
Expressions for 8, the differential arc length ds, and the 
curvature «x, in terms of FX and its derivatives? are 


B = —tan—!(R’/R) (la) 
ky = (R? + 2R” — RR")/(R?2 + R”)°? (1b) 


ds = (R?2 + R”)'"do (le) 
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The prime denotes differentiation with respect to ¢. 

At any time, equations of equilibrium relating forces 
and bending moments in the ring to the external uni- 
form pressure, p, and the deformed shape of the cross 
section may be written if the motion of the ring is so 
slow that inertia terms can be neglected. A two-lobe 
collapse mode is assumed, so that it is sufficient to con- 
sider equilibrium conditions in one quadrant of the 
ring (see Fig. 2). The quadrant is taken to be bounded 
by axes of symmetry. 

Force equilibrium equations in the x and y directions 
may be written by inspection of Fig. 2(b) 


Hz — pR(¢, t) sin d@ = 0 (2a) 
V — Ve — p[R(O, 2) — R(@, t) cos do] = 0 (2b) 


As a consequence of symmetry, shear forces at ¢ = 0 
and @ = /2 must vanish. This fact has already been 
used in arriving at Eq. (2a), and, if Vz is set equal to 
zero at @ = 2/2 in Eq. (2b), the following equation is 
obtained for V: 

V — pR(O, t) = 0 (2c) 


Eqs. (2a) and (2c) can be transformed to a more use- 
ful form by substituting into the relations for the nor- 
mal and shear forces P and S as obtained by inspection 
of Fig. 2(c), 

P = Hg sin (@ + B) + Ve cos (¢ + B) (3a) 
S = Hg cos (¢+ 8) — Vesin(@+ 8) (3b) 


the expressions for 7 and Vz as given by Eqs. (2a) and 
(2b). The result is 


P = pR(@, t) cos B (4a) 
S = —pR(¢, ¢t) sin B (4b) 


Moment equilibrium about point B may be written, 
by inspection of Fig. 2(b), as 


N + (p/2)[R(O, t) — R(@, t) cos |? + (p/2)[R(@, 1) X 
sin ¢|? — M — V[R(O, t) — R(¢, t) cos] = 0 (Sa) 


Substitution for V from Eq. (2c) and simplification give 
M = N + (p/2)[R(@, t) — R?(0, t)] (5b) 


The statically indeterminate bending moment, N, is 
still to be determined. 

To avoid complications in the superposition of com- 
pressive and bending stresses in consequence of the 
nonlinearity of the creep law, the wall of the cylinder 
is assumed to be constructed in accordance with the 
sandwich principle. As shown in Fig. 3, it consists 
of two sheets of area A/2, separated by a distance h = 
2p. The ratio of the thickness of each sheet to the 
thickness of the shell is so small that powers of this 
ratio higher than the first can be neglected against the 
ratio itself. The sheets carry the normal stresses only, 
while the core, not resistant to normal stress, is capable 
of transmitting shearing stresses without deformation. 
Work carried out by Patel, et al.* has shown that these 





A/2 





A/2 


~ + 


Fic. 3. Sandwich wall construction 


assumptions represent the actual conditions with ac- 
ceptable accuracy. 

Under these assumptions, the normal circumferential 
stresses in the sheet on the convex side, subscript 0, and 
on the concave side, subscript 7, can be given as 


o, = (1/A)[P — (M/p)| (Ga) 
o, = (1/A)[P + (M/p)] (6b) 


The force P and the stresses o are positive when they 
are compressive. The moment ./ is positive if it has 
the same sense as N in Fig. 2. 

The ring, to represent the cylinder from which it was 
cut, must be in a state of plane strain. This means 
that normal stresses arise in the direction of the axis 
of the cylinder. The biaxial strain rate law to be used 
here was proposed earlier by Odqvist* 


= (3K /2A")(3J2')"— P04’ (7a) 


és 


é, = (3K /2x")(3J2’)"— 


oe, (7b) 
where K and X are constants having the dimensions of 
time~! and stress, and 7 is a number greater than one. 
The dot denotes differentiation with respect to time. 
J»', the second scalar invariant of the deviatoric stress 
tensor, is always positive, and the sign of the strain 
rate, €, is determined by the sign of the stress deviator, 


a’. Js’, o,', and a,’ are given by the relations 
Jo’ = (1/3)(e0,? + o,7 — og¢-) (Sa) 
oy, = (2/3)e, — (1/3)e, (Sb) 
a,’ = (2/3)e, — (1/3)e, (Sc) 
where o, and ¢, are the principal normal stresses in the 


circumferential and axial directions. 
The condition of plane strain is represented by setting 

é, equal to zero. Inspection of Eq. (7b) shows that 
this condition is equivalent to the requirement that 
a,’ vanish, since J2’ is always positive. Then, by Eq. 
(Sc), 

og, = (1/2)¢ (Sd) 
and Eq. (7a) may be rewritten as 

é = k(a/))" (9) 
where k = (3/4)(¢/2@+)] K. The subscript ¢ has been 
omitted for convenience in later calculations. 


Substitution for o in Eq. (9) by means of Eqs. (6a) 
and (6b) leads to the following relations between strain 
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Fic. 4. Geometry for curvature change of element of length ds. 


rates in the inner and outer sheets, and bending mo- 
ments and forces in the ring: 
& = R/ANYP' TT — Ct/Pa)\" (10a) 


k/A"\")P"[L + (M/Pp)}" (10b) 


ll 


€j 

In a time increnent, At, strains at the inner and outer 

sheets of an element of length ds change by an amount 

€,At and é&At. As shown in Fig. 4, the change in curva- 
ture of the element is given by 


or Ke = (1, h)(€; —_ €) (11) 


The rotation rate at one point on the median line 
located by the angle @ with reference to the point ¢ = 0 
can be obtained from the relation defining the relative 
rotation rate Ag; viz., 


P 5() 
Aé = f, ke as (12) 


The magnitude of the moment N can be calculated 
from the condition of compatibility of rotation rates. 
Because of the symmetry imposed on the quadrant 
shown in Fig. 2, the relative rotation rate between ¢ = 
OQ and @ = r/2 must vanish. Hence, by Eq. (12), 


; S(x/2) 
AO = | & keds = 0 (13) 


By substituting first for é and € in Eq. (11) by means 
of Eqs. (10a) and (10b), then for P and (/Pp) by 
means of Eqs. (4a) and (5b), an expression for the un- 
known moment JN is obtained. 


Shape of the Median Line 


It has been tacitly assumed that the dependence of R 
and ¢ is known explicitly. This is now taken in the 
form 


R(@, t) = R[1 + a(t) cos 2¢] (14) 


where a is referred to hereafter as the shape factor and 
is dimensionless, positive, and time-dependent. The 
two-lobe mode shape is selected because it corresponds 
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to the fundamental buckling mode shape of long elastic 
The shape 


cylinders under uniform external pressure. 
factor, a, indicates the 
cross section at any time. 

Substitution for R(¢, ¢) in Eqs. (la), (1b), (1c), (4a), 


and (5b) gives 
B = tan—'![2a sin 2¢/(1 + a cos 2¢) | (15a) 
1 j 1+ 6a cos 26 + a%(5 + 3 sin? 24) | 


~ RB ([1 + 2a cos 26 + a2(1 + 3 sin? 29) )?/7f 
(15b) 


Kg 


ds = R[1 + 2a cos 26 + 
a?(1 + 3 sin? 2¢)]'/"d@ (5c) 


ee oRS 1 + 2a cos >> a” cosa a a 
\[1 + 2a cos 26 + a%(1 + 3 sin? 26)]'/7S 
(16a) 


M=WN- (apR? 2)(2(1 — cos 2¢) + a@ sin? 24] (16b) 


If the above expressions are used, determination of N 
and of the mode amplitude factor, a, is lengthy but not 
particularly difficult. The expressions simplify con- 
siderably when the shape of the cross section differs 
only slightly from the circle. Under these conditions, 
a <1 and Eqs. (15) and (16) can be simplified to 


6 > tan—(2a@ sin 2¢) (17a) 
x, = R-(1 + 3a cos 3¢) (17b) 
ds > R(1 + a cos 2¢)d¢ (17c) 
P=> pR( + a cos 2¢) (18a) 
M = N — (apkR?)[(1 — cos 26) + 
(1/2)a@ sin? 26] (18b) 


The a? term in Eq. (18b) for M is retained because both 
M and N are of euler (apR? ) when a is small. This 
conclusion may be reached by observing that the curva- 
ture rate [time derivative of Eq. (17b)] has equal and 
opposite values at ¢ = 0 and ¢@ = 7/2. Since one ex- 
pects similar behavior by the bending moment in the 
ring, by Eq. (18b) 


1(0) * — M(x/2 
or N= apR? 


An improved approximation to N (and hence to /) will 
therefore require terms of order a’. 

The relation between curvature rate and moments 
and forces in the ring is obtained by combining Eqs. 
(4a), (5b), (10a), and (10b) with Eq. (11) 


— k oa - 
= (Ga) AL + (2) 
2nk M 
ao G ot = (7 aa? el ” 
(n - — 1)(n — 2) /M 
E le “1-2-3 2 (5) ” 


(n — 1)(n — 2)(m — 3)(n — 4) (=) | 
1-2-3-4-5 Pp il (19) | 
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istic | When m is an integer (which can usually be assumed Y will be expressed as* 
1ape | with sufficient engineering accuracy), the expression in y y 10d) 
eae ; , , ) aw (20c 
the | braces in Eq. (19) is a polynomial of degree (n — 1) ” 
in \//Pp; otherwise, the series converges if 17/Pp < 1. where Z is of order one. 
4a), Eqs. (18a) and (18b) are combined to obtain an ex- Substituting for Y in Eq. (20a), expanding, and 
pression for M//Pp, neglecting higher order terms in a, we obtain 
Ke ‘:—s . 9 — 9 3929 . r , 
l5a) M _xX (J 1 + cos 2¢) (1/2)q@ sin* 2¢ (20a) M/Pp = X{cos 26 — alZ + (1/2) + 
Pp 1 + acos 26 (1/2) cos? 2¢]! (21a) 
there r = oR 9 , ' - . ; 
where X = ak/p (20b) When raised to the mth power, Eq. (2la) gives (after 
[5b) Y = N/apR? (20c) linearization) 
X is defined as a weighted shape factor and equals the (M/Pp)”" = X"™)\ cos” 26 — ma cos "~! 26[Z + 
l5e) | ratio of the radial displacement amplitude, aR, to the (1/2) + (1 2) cos? 26]! (21b) 


radius of gyration, p. Although a may be small com- 


m 3 on ae = , ies or ¢ DO iia Chi ie 
pared to one, X need not be because a is multiplied by By Eq. (18a) the expression for P" (after linearization) 


R/p, a number much greater than one. Hence, all 1S 
| 6a) powers of X will be retained in subsequent expansions, P* = p"R(1 + na cos 24) (21c) 
6b) | although powers of a* and higher will be neglected as 
_ .. | compared to one. Observations on N made earlier The complete expression for the curvature rate is then 
{ N | indicate that Y will be of order one. Consequently, found by substituting Eqs. (21b) and (2lc) into Eq. 
-_ (19) and linearizing : 
-on- 
fers 2nk\ (pR\" x j ss 4 (n — 1)\(n — 2). : (n — 1)(n — 2)(n — 3)(m — 4) 
ons, .=I- P 4cos 2 X? cos’ 2 . . 
; h /\Ar ‘aed 1-2-3 atl i 1-2-3-4-5 
7 ; : . ] l : Ll\ (nw — l)inm-— 2). 
Ja) X*cos' 26 +... ~ a| (2 + ;) + | — (» - ;) a 3(z _ ;) x ~ X? |cos? 26 + 
7b) ° ~ ™ a 
= (n — 1)(m — 2) 3 1\ (n — 3)(n — 4) 
7c) ¢t i oe BIZ 4 So lanet Mk A 99 
23 = pre ts 4-5. adh sindeaitinees | liu 
8a) 


To solve for Z, the compatibility condition for the ends of the quadrant, Eq. (13), is used: 


. _— me 5 — an Sat —, — ( 
8b) | 7 — (nm 7 ) 1 (n 1)(n — 2) (» _ | xe 4 (n 1)(n Ba , 3)(n — 4) (» _ *) Xi+._.. } 





2 2?-4 2 2?-4?-6 2 
oth ( 1)( ») ( 1) »)( 3)( 1) 
: a= n— 2). n— n — 2)(n — 3)(n — ; \ 
his ,! + _ X? + 2 } ol ee f (23a) 
‘va- - 24 
and | As can be shown by differentiation, Z has its maximum value at X = 0, where 
ex- : 
the Zmox = (1/2)[" — (1/2)] (23b) 
Since Eqs. (23a) and (23b) indicate that the assumption of Z of the order of one is justified, Eq. (22) for k, may be 
further simplified by neglecting terms of order a as compared to one. What remains is a series involving products of 
X and cos 2¢ 
2nk a) 3 (n — 1)(m — 2) (nm — 1)(m — 2)(nm — 3)(n — 4) 
a ke = X | cos 26 + X? cos? 26 + nd Xicos' 26+... 
wit ( h /\Ar 1-2-3 1-2-3-4-5 
(24a) 
ents 
tqs. An expression for the geometrical curvature rate, x,, may be obtained by differentiating Eq. (17b) with respect to 
time: 
kg = 3(p, R2)X cos 26 (25a) 
Normally, «. = &,. Eq. (25a), however, involves only the single product of X and cos 2¢. The discrepancy in 
o-dependence between Eqs. (24a) and (25a) results from the assumption made on the shape of the cross section. 
The exact shape could be obtained as the solution to Eq. (19) if the variables x, = x,, P, and \//Pp were replaced 
iby R and its ¢ and ¢ derivatives as given in Eqs. (la), (1b), (4a), and (5b). The result would be a nonlinear 
|partial differential equation which could probably be integrated only numerically. Constraining the cross sec- 
tion to deform in a two-lobe mode circumvents this problem, although it does give rise to the discrepancy between 
19) * That Y = 1 when a = 0 can be shown by solving Eqs. (13) and (19) at a = 0. 
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Eqs. (24a) and (25a). 
points agree. 

two equations. 
x/4 radians) with the following results: 
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Actually, the discrepancy is probably rather small—maximum, minimum, and zero 
An acceptable relation for X may be obtained by applying a continuous collocation technique to the 
The two expressions are integrated over an octant of the ring (curvature rate changes sign every 


2) Y' (n — 1)(n — 2)(n — 3)(n — 4) veg | 


4 { ” 2 (7 (eR | (n — 1)(n — 
ic = ‘ig = X | 1 
: 3 J0 sand r\ h Ax * 1?-3? a ee ee 
(24b) 
Past . = _ 
Ky = (4/m) js ky dp = (2/1)3(p/R?)X (25b) 
The averaged curvatures are equated to give 
X a — Tie — 2) — ie — Im — 2@ — 3) — 4) — 
X = Ji +' A X? + ag 0 xt. | (26) 
T 12.3? 1*.3?- 5? 
where +>! = (nk/3)(pR/AXd)"(R/p)?. The time de- 
pendence of X may be found by integration of Eq. (26) ter/t = (1/2) log [1 + (9/2X0%)] (31a) 


t= fy (dé/x)] (27) 


where Xo is the value of X at ¢ = O, including initial 
elastic displacement. 


Example of Cubic Creep Law 
When the creep law is a cubic (7 = 3), Eqs. (23a) and 
(26) reduce to 
Z = (5/4) (1 + (1/20)X?)/[1 + (1/2)X2]} (28) 
X = (X/r)[1 + (2/9)X?)] (29) 
where r~! = k(pR/AX)*(R/p)?. Z is seen to vary be- 
tween 5/4 and 5/40 for variations in A between zero 
and infinity; hence, it is certainly of order one. Eq. 
(29) can be integrated directly to 
t/r = (1/2) log | [X.2 + 
(9/2) |/[Xo? + (9/2)(Xo0/X)?]} (30) 
A plot of X/Xo versus t/r for Xo = 1.73 is given in 
This value of X; was chosen as representative 
in a 1-in.-radius shell, an 


Fig. 5. 
for the following reason: 
initial deviation of 5 mils is reasonable; this corresponds 
to an initial value a; of shape factor equal to 0.005. In 
the sandwich shell, the value of R/2p = R/h for these 
values of X» and a is 173. If we conceive of an 
equivalent homogeneous wall shell and assume that the 
normal stress distribution in creep is linear over the cross 
section, then for this shell h, = h, V/3 and R/h, = 100, 
which is about the order of magnitude found for prac- 
tical shells. It should be pointed out, however, that 
since the actual stress distribution in creep is nonlinear, 
the equivalence between homogeneous and sandwich 
shells can at best be considered a first approximation. 

Inspection of Fig. 5 shows that the amplitude of the 
shape factor increases rather slowly during the major 
portion of the tube lifetime. Only after 90 per cent or 
more of the total lifetime has elapsed does the ampli- 
tude begin to rise abruptly. Lifetime, or “critical 
time,” is that value of t/7 at which X /X¢ becomes in- 
definitely large. It is found from Eq. (30) by letting 
hel A 0: 


When XA, = 1.73, t../7 = 0.458. 
the dashed vertical line in Fig. 5. 

The form of Eq. (31a) is identical to the form found 
by Hoff® for the axially loaded column—viz., 


t’.,/7’ = (1/2) log [1 + (4/X0’)] 


It is represented by 


(31B) 
where 
(r’) 1 = k(P’ A’d)8[(0/3L 7 p’ |, BAY = d p’ 


dy is the initial deviation from straightness of the mid- 
length of the column, and L is the length of the column. 
All other primed quantities are similar to what has been 
defined previously for the shell, the primes referring 
to the column. It is interesting to note the correspond- 
ence between the time constants 7 and r’, and the shape 
factors X) and Xo’: pR/AX and P’/A’) are merely 
ratios of the nominal normal stress in the cross section 
to the creep parameter \, so that the time constants 7 
and r’ are completely equivalent if the modified length 
V/3L/m of the column can be associated with the aver- 
age radius R of the shell. This association is equiv- 
alent to replacing the shell with an axially loaded 
column whose length is (1/2+/3) times the circumfer- 
ence of the shell. The equivalence between the shape 
factors X» and X,’ is seen when it is recalled that the 
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‘ 
former is the ratio of the maximum initial deviation 


from circularity to the radius of gyration of the shell 
wall, while the latter is the ratio of the initial maximum 
deviation from straightness to the radius of gyration of 
the column. 

Eq. (31a) is quite general and shows the dependence 
of the critical time on initial shape factor amplitude. 
Fig. 6 has been prepared from Eq. (3la) for a ring 
with radius ratio R/p of 346. Thus, the scale of the 
abscissa may be converted from a» to X> by multiplying 
by 346. The logarithmic behavior may be easily ob- 
served, and it can be seen that values of critical times 
are relatively insensitive to minor fluctuations in the 
initial shape factor amplitude about some prescribed 
value. This characteristic may be demonstrated fur- 
ther by differentiating Eq. (3la) to obtain the ratio of 
the variation from the theoretically exact critical time 
to the critical time as a function of the desired initial 
shape factor amplitude and small uncontrollable devi- 
ations from this value: 


Alter Y 


= . \ 
Xo*{1 + (9, at 0”) | log {1 + (9 2X 7) | 


(32) 


where Aft,, and AX» are the deviations from /¢,, and 
Xo, respectively. Eq. (32) is accurate only when both 

At. ter | and AX,/X, are small compared to one. 
It shows that the percentage variation in collapse time 
is proportional to the uncertainty in the initial shape- 
factor amplitude (as one would expect). The propor- 
tionality factor, however, is strongly dependent on X; 
Values of | Ate, t.,| versus Xp» have 
The scales 


as Fig. 7 shows. 
been plotted for AX, values of 0.1 and 0.2. 
of Fig. 7 have been so chosen that | Aft,,/t,, | and AXo/Xo 
will not exceed ().2 and thus invalidate the use of Eq. 
(32). 

Fig. 7 shows that uncertainties in the desired value 
of initial shape factor have little effect on the critical 
time of the tube if the initial amplitudes themselves are 
sufficiently large. For example, an uncertainty of 0.1 
in X) when X»9 = 1.73 produces only a7 per cent change 
in critical time. In actual practice, this deviation 
would be all but masked by variations in mechanical 
and physical material properties, which are usually 10 
per cent or more. When the X, of 1.73 refers to a tube 
with a radius ratio of 346 and an ay of 0.005, a AX, of 
().1 corresponds to a Aag of 0.00029. If the tube radius 
is 1 in., Aap corresponds to a radial tolerance of about 
0.3 mil or less.* Such a tolerance is not difficult to 


* If the external pressure p is sufficiently close to the instan- 
taneous collapse pressure of the tube p,, the original values of a 
and Aa@ (ao and Aap) must be much less than 0.005 and 0.00029 
because of the amplification factor in the expression ay = [1 — 
(p/p.)|~!a00 which becomes very large. The discussion above 
then applies to original radial tolerances only when p/p, is small. 
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Fic. 6. Critical time versus initial shape factor amplitude for a 
shell with a radius ratio R/p of 346 











° 
Fic. 7. Variation in critical time versus initial shape fac- 
tor amplitude for two values of uncontrollable deviations in 
amplitude AX». 


achieve. However, if a smaller X, is chosen for the 
same tube, a and hence Aag will be reduced, and the 
correspondingly smaller tolerance may be almost im- 
possible to achieve. At the same time, the variation 
in critical time will increase. 
tion on very slight deviations from circularity must be 
quite exact if predictions on tube collapse times are 
Less precise information 


Consequently, informa- 


to be reasonably accurate. 
on initial shape factor amplitudes is needed when these 
amplitudes are larger, because the tube critical time is 
less sensitive for the larger initial amplitudes. 


References 


1 Sundstrém, E., Creep Buckling of Cylindrical Shells, Trans- 
actions of the Royal Institute of Technology, No. 115, Stockholm, 
Sweden, 1957. 

2 Woods, F. S., and Bailey, F. H., Elementary Calculus, p 
193; Ginn and Company, New York, 1929. 

3 Patel, S. A., Kempner, J., Erickson, B., and Mobassary, A. H., 
Correlation of Creep-Buckling Tests with Theory, NACA RM 
56C20, May, 1956. 

4 Odqvist, F. K. G., Recent Advances in Theories of Creep of 
Engineering Materials, Applied Mechanics Reviews, Vol. 7, 
No. 12, pp. 517-519, 1954. 

5 Hoff, N. J., Buckling and Stability, The Forty-First Wilbur 
Wright Memorial Lecture, J. R.Ae.S., January, 1954. 








Readers’ ZBorum 


RIEF REPORTS of investigations in the aerospace sciences and discussions of papers pub- 


lished in the JOURNAL are presented in this special department. 
to a maximum of 1,300 words or the equivalent of one 
Publication is completed as soon as possible after receipt of the material. 


illustrations. 


Entries must be restricted 
JOURNAL page including formulas and 
The Editorial 


Committee does not hold itself responsible for the opinions expressed by the correspondents. 





Contents 


On the Flow Past a munaes at Hypersonic oe With a 
Magnetic Field .C. FREEMAN 670 


Author’s Reply. Kemp 672 


On the Local Elastic Stability of Honeycomb Face Plate 
Subjected to Uniaxial Compression..... 
RAYMOND C. WEIKEL AND ALBERT S. Kopayasu 672 


On the Concepts of Moving Electric and seein Fields in 


NELSON H. 


eenateiind I oo fo nc ac sos oS ee abe elape Vine 
Ae A Ce 2 E. McCu NE AND W. R. SEARS 674 
ieee Functions for Plates of Convex Polygonal Shape. . 
WAS OR PEs Hans A. BALMER 675 


A High- Temperature, Steady-Flow, eno Tunnel. 
.ROBERT A. Gross 676 


The Seiieneiititte Laminar entitine Layer With Arbi- 
trary Pressure Gradient and Wall Temperature Distri- 


| SA Se Phe: James C. WiiiiaMs, III 677 
Stability Criteria for the Airframe Dynamics of a Liquid- 
po re Joser S. PistINER 678 


A Note on the Blasius nen With Three-Point Boundary 


35, rs e055. a Orton . WILLIAM SoOUIRE 678 
A Remark dicen the Vibration of a Delta Wing in 
Supersonic Flight.............. MiLomir M. SraniSic_ 679 


On the Stable Shape of a Slender Ablating Graphite Body. 
GEORGE W. Sutton 681 


Heat Transfer and Recovery Factor in a Laminar Boundary 
Layer With Arbitrary Pressure Gradient and Wall Tem- 
perature Distribution. BERNARD LE Fur 682 

An Alternative Formulation of the Problem of Flutter in 
Real Fluids. WEn-Hwa Cuu anp H. NoRMAN ABRAMSON 683 


Shock Waves and Dissipation in a Resonance Tube...... 
Ee Sia an Pee Pees OO ie pe aoe ema - ASCHER H. SHAPIRO 684 


On a Generalized Porous-Wall ‘‘Couette-Type’’ Flow.... 
BREIL. ety Lane ary oa G. M. Littey 685 


The Modified Goodman Diagram and Random Vibration. 
H. C. ScHJELDERU P 686 


Calculation by the Integral Method of the Effect of Fluid 
Injection Upon an Isothermal Boundary Layer....... 
Teh oSa ti esate? Iniighepeiees 618 Mitton M. KLEIN 686 


Comments on ‘‘On Slip-Flow Heat Transfer to a Flat 
I rig esc asters oy farce err DonaLp E. NESTLER 687 


670 


On the Flow Past a Sphere at Hypersonic 
Speed With a Magnetic Field* 


N. C. Freeman 

Research Associate, Gas Dynamics Laboratory, Princeton 
University, Princeton, 

March 24, 1959 


HE CONSTANT DENSITY SOLUTION to the hypersonic inviscid 

flow past a sphere obtained by Lighthillt has been extended 
to the case of a sphere with a radial magnetic field in a conducting 
fluid by Kemp.? The solution obtained by Kemp uses the as- 
sumption that the magnetic Reynolds Number is small and, 
hence, the magnetic field induced by the flow is not considered. 
Since the flow is assumed to have constant density in the region 
behind the bow shock wave, the problem reduces to consideration 
of the effect of a ponderomotive force produced by the interaction 
of the magnetic field with the moving conducting fluid on the flow 
behind the bow shock wave. 

The author became interested in this problem in making an at- 
tempt to extend the Newtonian theory of hypersonic flow, re- 
viewed by Hayes and Probstein,! to the magnetic field problem. 
Unfortunately, the result obtained did not reduce to that of 
Kemp? in the region of the stagnation point. The author, there- 
fore, in trying to explain this anomaly, found it necessary to ex- 
amine Kemp’s solution in some detail. In doing this, it was found 
that result as given by Kemp is incorrect due to assumptions of 
analyticity of the functions concerned. Kemp chooses to ob- 
tain the solution for large density ratio across the shock wave 
Taylor expansion to span the region between the 
shock and body. That this approach is beset with dangers can 
be seen directly from the equations concerned. The type of dif- 
ficulty encountered is that discussed by Lighthill® where the first 


using a simple 





* This research was sponsored by the USAF under Contract AF 49(638)- 
465 monitored by the AFOSR of the ARDC. 
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approximation in some expansion procedure vanishes, causing a 
singular behavior in the higher-order terms. 
outlines a scheme for making such approximations uniformly 


However, Lighthill 
valid. It is the author’s intention to present such a theory. 

In a nondimensional form, the equations of the flow in the 
region behind the shock wave are 


u(Ou/Or) + (v/r)(Ou/09) — (v?/r) + k(Op/dr) = 0 (1) 
u(Ov/dr) + (v/r)(Ov/00) + (uv/r) + (k/r)(0p/d0) = —kvS, 
(2) 


where the lengths are nondimensionalized with respect to the 
shock wave, c (assumed spherical) and velocities and pressure 


with respect to the free-stream conditions. The constant S, de- 


notes coB,?/uspeo where B, is the magnetic field at the body sur- 
face, which is assumed for our purpose to be constant throughout 
the layer. k is the ratio of the density in front of the shock wave 
to that behind, which is assumed constant throughout. These 
equations are, therefore, independent of the energy equations, 
and the continuity equation is satisfied by a stream function de- 
fined by 


ur? sin O = —(O0y/00), vrsin O = dOy/dr (3) 
Eqs. (1) and (2) then reduce to 
2w(d/dr)} ((d2W/dr?) — (W/r?)](1/r?)} = 


RSi(d/dr)((1/r)(d¥/dr)| (4) 


where Y = V(r) sin? @ and we have assumed that @ is small, such 
that cos @ ~ 1. The boundary conditions on this equation then 
are 
W = (1/2)c*k, (dW/dr) = c, and 

(d*¥/dr?) = 1 — 2k +kS,onr=c (5) 


A change of variables in the equation such that ¥ = c*k@ and 
ky = 1 — (r/c) gives 
2¢o(d dy)({1 (1 — yk)?]}(d%p/dy?) — [k*o/(1 — ky)?]}) = 
—kS»(d/dy)[(do/dy)/(1 — ky)] (6) 
with @ = 1/2, ¢’ = —land ¢” = 1 — 2k + kS,on y = 0. 
Kemp attempts to obtain a solution of this equation by using a 
simple power series. Putting 
@ = (1/2) — y + (1/2)y*1 — 2k + kS,) + Avi +... (7) 
in Eq. (6), we obtain A = —1/3k — 1/6RSs. 
surface y = QNorgd = 0 
(1/2)(1 — y)? = k[(4/3) — (1/3)S !) 
or, » (8) 
y =1— V8/3k1 — (1/4)S:) 
Thus, the stand-off distance is modified to this order in k by the 
magnetic field. expansion first-order 
modification to the pressure on the body surface by the magnetic 
field. 
However, the above procedure wil! be seen to be suspect if the 


Now, at the body 
This occurs when 


Such an leads to a 


form of Eq. (6) is noted. For, to a first approximation @¢ = 


2 


1/21 — y)? 
starting with this as the first approximation must fail near y = 1 


by Eq. (7) and, hence, any expansion of Eq. (6) 
where this approximation vanishes. The resulting approximate 
form of Eq. (6) giving the higher-order term in @ will have its 
highest derivation multiplied by a factor which vanishes at y = 1. 
This may be clearly seen if we try to expand ¢ in the following 
manner 


& = ply) + koily) +... (9) 


Substituting in Eq. (6), we obtain 


ed = 0 
Qdol dr!” + 2bo"} = —Srbo", ete (10) 


Now, we have, therefore, 
@ = (1/2)(1 — y)? + R[So(y? — vy) — Sol — y) X 
log (1 — y) — (1/3)y3 — y?] +0 {ke log (1 — y)} (11) 


If we assume that an expansion of the form (11) converges, we 
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may proceed as before and find that ¢ = 0 where 
y=1— V(8/3)k (12) 


This means that to this order the magnetic field does not affect 
the standoff distance. However, before we can decide that this is 
indeed the case, it would be necessary to find a more suitable torm 
for the expansion of @ which will be uniformly valid near y = 1 
for k small. 
To do this, we follow the method outlined by Lighthill.4 We 
introduce a new variable, z, and expand ¢ in the form 
@ = doz) + koi(sz) +... (13) 
where 


yreztkhy(s) +... (14) 


The functions jy, ... are to be determined. Thus, from Eq. (6) 


do’’"’ = 0 

o1'"" — 2qho"91” — y'''bo’ + 2b0” = —Srdo”/2b (15) 
The boundary conditions become @) = 1/2, do’ = —l and go” = 
lonz = 0; and g@ = 0, ¢:’ = y1'o0’, oi” = 2 + Sy + 2ho"n’ 
+ 1"oo’ onz = 1 
Thus go = (1/2)(1 — 2)? 
and oi’”’ aw” tw’ (1 — 2) +2 = —S/(1 — 2)? (16) 
with 

? =0, gi’ = —y:’ and ¢)” = 2y,' — yy” —-24+ 8 


In determining the next approximation to @ (i.e., @:), we are left 
with one more degree of freedom by being able to choose y, 
We, therefore, choose y; to satisfy 


n’’"(1 — 2) — 38y” = —S,(1 2)? 
or yn = —S, log (1 — 2) (17) 
Hence, ¢,’’ = —2 giving 

od: = —(23/3) — 2? + S,(2? — 2) (18) 


Thus 
@ = (1/2) (1 — 5)? + R[Si(2? — 2) — (23/3) — 2?] + O(R?) =(19) 


which does not have the singular behavior of Eq. (12) as a func- 
tion of Z. Now ¢ = 0 when 


z=l1—- +/(8/3)k + O(Rk) (20) 
By Eq. (18) 
y = 1 — RS, log (1 — 2) + O(R?/[1 — 2]) 
and, therefore, 
y=1 — V/(8/3)k + O(k log k) (21) 


thus giving the stand-off distance to be independent of the mag- 
netic field to this order as was shown previously in Eq. (12). 

It is now possible to deduce the magnitudes of the other varia- 
(2) requires 


bles in the resulting expansion. For example, Eq 


p — Pstag = —(1/2k)(¥,?/r?) sin? 9 + o(1) = —(4/3) sin? é + o(1) 


using Eqs. (14), (19), and (20). 

This result is in direct contradiction to that of Kemp,? which 
asserts that the pressure is affected by the magnetic field to the 
order given above 

This result is also obtained from the Newtonian theory of hy- 
personic flow when a magnetic field and conducting fluid are in- 
troduced. Such a theory does not, however, require the as- 
sumption of constant density and is not limited to the region near 
the stagnation point 
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Author’s Reply* 


Nelson H. Kemp 
Avco Research Laboratory, Everett, Mass. 
April 20, 1959 


IT THE ABOVE NOTE, N. C. Freeman shows that the analytical 
solution presented in reference 1 for the spherical stagnation- 
point flow of an inviscid electrically conducting fluid in the pres- 
ence of a magnetic field is not correct. He shows that the mag- 
netic field has no effect on the detachment distance and pressure 
gradient to lowest order in the density ratio, k = p,,/p, contrary 
to the result presented in reference 1. The author agrees that 
the expansion procedure used in reference 1 is not correct, and so 
the results given there are wrong. 

In order to find correctly the effect of the magnetic field, 
numerical solutions of the vorticity equation were obtained. 
The relevant equation and boundary conditions, in the notation 
of reference 1, are 


2w(d/dr) {(1/r?) [((2¥/r?) — w"|} = —kRSC%Xd/dr) (W'/r) (1) 
V(r,) = 0 (2) 

w(1) = 1, W(1) = k/2 (3) 

w'(1) = SC? + (1 — 2k + 2k*)/k (4) 


Here, the first boundary condition expresses the vanishing of the 
stream function at the (nondimensional) body location 7; Eqs. 
(3) require that the velocity components at the shock be given 
by the Rankine-Hugoniot relations; Eq. (4) relates the vorticity 
at the shock to the value found by using the Rankine-Hugoniot 
equations in the equation of motion along the back of the shock. 
The parameter SC? is given by 

SC? = o( By*)*r,*ro*/p. UU. = Sore? (5) 


where 7,* is the shock radius, 7s*7, the body radius, and B,* the 
magnetic field at the body (which is normal to the body). 

The four boundary conditions are necessary for the third-order 
equation because the body radius 7, is also to be found. 

Numerical solutions of the system (1)—-(4) have been obtained 
on an IBM 650 digital computer for k = 0.1, SC? = 0.1, 0.5, 


* This work was supported by the USAF through the Air Force Office of 
Scientific Research of the Air Research and Development Command under 
Contract AF 49(638)-61. 
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lic. 1. Effect of magnetic field on shock detachment dis- 
tance, stagnation-point pressure gradient, and stagnation-point 
velocity gradient. S, = o(B,*)? r*/poU a. 


OCTOBER, 1959 


1,4, 10. The results for detachment distance 6 and velocity and 
pressure gradient are plotted in Fig. 1 from the equations 


6/r, = (1 — rn)/ri (6) 
(016/08)s1 = Vr’ /re (7) 
|(Op*/p., U.,2)/2 sin 0 00)]s1 = —(1/2) (¥.’/rs) X 


{1 + (RS,)/(%r'/rv)} (8) 


The subscript 0 denotes zero magnetic field. 

The main feature of interest in Fig. 1 is the fact that the pres- 
sure gradient is very nearly constant as the magnetic field in- 
creases. The assumption that it was exactly constant was used 
without proof by Neuringer and Mcllroy® * in their study of a 
viscous, electrically conducting fluid at a two-dimensional stag- 
nation point with a magnetic field. The present calculations 
show that, at least for the three-dimensional case, this is a good 
approximation to rather large values of S;, a result which is quite 
different from the conclusion the present author drew from the 
incorrect results of reference 1. 

In order to estimate heat transfer and viscous shear stress at a 
three-dimensional stagnation point, an incompressible boundary- 
layer calculation has been performed* including the magnetic 
force in the momentum equation. The results in Fig. 1 were 
used for the inviscid flow. The heat transfer and viscous shear 
stress were compared with those of references 2 and 3 which are 
two-dimensional and assume constant pressure gradient. It was 
found that the ratio of heat-transfer rate with a magnetic field 
to that without a field was about one per cent smaller for the 
three-dimensional case than for the two-dimensional one. In 
the case of viscous shear stress, the three-dimensional ratio was 
as much as five per cent lower than the two-dimensional ratio at 
S, = 5. (Notice that in addition to the change in viscous shear 
stress due to the magnetic field, there will also be a force on the 
coil producing the field.) It is hoped to publish these boundary- 
layer calculations shortly. 

It should be pointed out that the correct solutions in this note 
do not change the general conclusion of reference 1 that sub- 
stantial reductions in heat transfer at a stagnation point with 
the present field geometry can only be obtained by producing 
large values of S;, and this can only be done with bodies large 
compared to one meter, or fields well over 10,000 gauss, or con- 
ductivities well over 100 mho/m. 
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INTRODUCTION 
Recest THEORETICAL INVESTIGATION on the elastic stability 
of honeycomb structures has been mostly concerned with 
the overall stability of the structural elements. Little reference 
is available on the theoretical investigation of local buckling phe- 
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nomena which are known as “‘intracell buckling”’ and ‘‘wrinkling”’ 
of the honeycomb structures. 

“Intracell buckling’’ is the buckling of the honeycomb face 
plate within each individual honeycomb cell. Although the 
honeycomb structure will retain part of its load carrying capacity 
after intracell buckling has occurred, the buckled face plate may 
have undesirable influence on the aerodynamic properties of the 
structure, and, thus, it is important to know the load at which 
this intracell buckling does occur. 

“Wrinkling”’ is the buckling of the honeycomb face plate over 
a row of several honeycomb cells. It appears as a sharp trough 
on the face plate and it is accompanied either by the crushing of 
the honeycomb core or the separation of the core and face plate 
under this sharp trough. This trough is perpendicular to the 
applied load and is also known to discontinuously form across the 
face plate. When wrinkling occurs, for all practical purposes, 
the honeycomb structure has lost its load carrying capacity. It 
is the purpose of this note to estimate the critical load at which 
intracell buckling and/or wrinkling occur by considering the 
elastic stability ot the face plate within a honeycomb cell where 
the face plate is simply supported at its four edges by an elastic 


core 
METHOD OF APPROACH 


The following assumptions were made to simplify the analysis: 

(a) A honeycomb face plate loaded under uniaxial compression 
alone is considered. The honeycomb cells are oriented such that 
this load is parallel to the diagonal of the cell. 

(b) The honeycomb cell is square in shape. 

(c) The thickness of the honeycomb core is infinite in compari- 
son with the cell size. 

(d) Face-plate deflection for intracell buckling is obtained by 
assuming that the face plate is simply supported along its four 
edges at the cell. 

(e) Face-plate deflection for wrinkling is obtained by assuming 
that the face plate is simply supported along two ridges of the 
wrinkling trough. This trough is perpendicular to the applied 
load, and the two edges of the trough pass through two diago- 
nally opposite corners of the cell. 

(f) Deflection due to wrinkling deforms the core elastically, 
and will cause springback force to act on the entire face plate. 

Assumption (d) is based on the experimental evidences avail- 
able at Boeing, and also reference 1. Assumption (e) is also 
based on the experimental evidences available at Boeing. As- 
sumption (f) enables one to consider the face plate as being sup- 
ported by an elastic core which is continuous and, thus, reduces 
this portion of the problem to a plate on an elastic foundation. 
However, this assumption fails to consider the stability of the 
honeycomb core itself. 

Within these assumptions, the face-plate deflections were 
approximated by only one or two terms of the double trigono- 
metric series. Face-plate deflection due to intracell buckling is 
approximated by 
w; = A, sin (rx/a) sin (av/a) + 

Aw sin (24x/a) sin (2ry/a) (1) 
Face-plate deflection due to wrinkling is 


We = Ax, cos [r(x — y)/2a] (2) 


Here, Ay, Ax, and A» are the unknown amplitudes of the series, 
a is the length of the side of the square, D is the flexural rigidity of 
the face plate, v is the Poisson’s ratio of the face plate, and & is 
the apparent core stiffness. The xy coordinate system em- 
ployed here and the orientation of the applied load, N, is shown 
in the upper corner of Fig. 2 

The strain energy due to bending of the face plate is 


1 a 
(D 2» f ({ [0% w; + wy)/Ox?] + 
0 J0 


[0% w; + wy)/dy2]}? — 201 — v) { [0% ws + ww)/dx?] X 


[d%(w; + ww) /dv?] — [O%Xw; + ww)/dxdy]2}) dxdy (3) 
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Fic. 2. Elastic buckling load vs. core spring 

constant for honeycomb cells. N-load in face 

plate, lb./in.; k = apparent core stiffness, 

Ib. /in.?/in. deflection; D = face-plate stiffness, 
lb./in.; a = cell size, in 


The energy due to deflection of the core is 


a a 
Vp = (1/2) f i} k Ww* dxdy (4) 
0 0 


Finally, the work done by the external force is 


T = (1/3 2)(.N V/2 - [ } [O(t1 + Ww)/dx]? 


(w; + wWw)/dy]? — 2[0(w; + wy)/Ox] X 
[O(w; + Ww) dy] | dxdy (5) 
Since 6(V—, + Vp + T) = 0 
it is now possible to determine A}, A22, and Aw which minimizes 
the applied load N by the conventional variational method which 


will not be elaborated here. 


RESULTS 

The computed results are shown in graphical forms. Fig. 1 
shows the relation between the amplitude ratios of intracell 
buckling to wrinkling, A1,/Aw and A»/Aw, vs. apparent core- 
stiffness coefficient, ka*/D. It can be seen that for a given face 
plate and cell size of a honeycomb core, the predominant mode 
of buckling failure will be wrinkling for a relatively weak core. 
With the increase in the apparent core stiffness, k, intracell 
buckling becomes the predominant mode of buckling failure 
The approximate division between the two modes of buckling 
failure is ka*/D = 100 from Fig. 1. 

Fig. 2 shows the relations between the critical-load coefficient 
and the apparent core-stiffness coefficient. Here again, the ap- 
proximate division between the two modes of buckling failure is 
shown. This figure shows that, for a given face plate and cell 
size, it is fruitless to increase the apparent core stiffness, k, beyond 
a certain point since the critical-load coefficient, Na?/D, will not 
exceed a value of about 27. Actually, in order to increase the 
apparent core stiffness, k, for a given cell size and a given core 
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material, one can only increase the gage of the core material. 
This will result in an increase of weight which is directly propor- 
tional to the increase in k. With this consideration of weight. 
the optimum apparent core-stiffness coefficient will be about 
Ka‘t/D = 100, and the corresponding critical load coefficient is 
about Na?/D = 22. 
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— THERE HAVE APPEARED in the literature’ * * cer- 
tain statements regarding ‘‘moving magnetic fields,’’ which, 
if not altogether erroneous, are at least misleading if applied with- 
out further consideration to problems of magnetohydrodynamic 
interest. Thus, for example, both Rossow! and Ong and Nich- 
olls? discuss motion in a conducting fluid of an infinite flat 
plate in the presence of a uniform transverse magnetic field and 
distinguish two cases: (1) the source of the magnetic field “‘fixed 
relative to the plate’ and (2) the source of the magnetic field 
“fixed relative to the fluid’’ far from the plate. Similarly, 
Bleviss,? in his discussion of magnetohydrodynamic Couette 
flow, makes brief reference to his assumption that the magnetic 
field is ‘‘attached to the stationary wall.’’ Both he and Rossow 
also refer to the induced electromotive force, g x B, (where g is 
the fluid velocity and B the magnetic field strength) as ‘‘arising 
from the motion of the conducting fluid relative to the magnetic 
field.”’ 

Statements of this kind imply, among other things, that it 
would be possible (with electric fields of practical strength and 
neglecting terms of order g?/c*) to detect the motion of a uniform 
magnetic field. Also, interpreted literally, they suggest that 
one should be able to ascertain by physical measurement whether 
the magnetic lines from a rotating magnet actually rotate with 
the magnet or not. 

Yet, Panofsky and Phillips‘ state unequivocally in their discus- 
sion of the motion of conductors in uniform magnetic fields that 
‘‘whether the source of B is stationary or is in motion is entirely 
irrelevant,” and Alfvén® takes some pains to illustrate that the 
voltage induced by a unipolar inductor is the same regardless 
of whether one assumes the magnetic lines to rotate with the 
magnet or to stay fixed in space. 

These facts follow from the equations of relativity as they 
apply to electric and magnetic fields. If in a given coordinate 
system—say, one ‘‘at rest’’—the electric and magnetic fields 
have strengths E and B, respectively, then in a second system 
moving at velocity v, with respect to the first, an observer will 
measure (in electromagnetic units) 





E’) =(E, +uxB)/V1 — (x? =F), (1) 


and B’, =(B, —- vx E/c?)/V/1 — (v?/ 
where E’ and B’ are, respectively, the effective electric and mag- 
netic field strengths in the moving system and the subscripts 1 
and || denote the components of these vectors perpendicular and 
parallel, respectively, to the velocity vector v. 

If we assume, as is nearly always the case in magnetohydro- 
dynamic problems, that E and vx B are of the same order, and 
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if we agree to neglect terms of order v?/c?, Eqs. (1) and (2) become 
those conventionally used in magnetohydrodynamics: 


E’=E+vxB (3) 
and B’'’=B8B (4) 


Thus, as Alfvén’ points out, ‘‘to speak of an electric field without 
defining exactly the coordinate system to which it refers is 
meaningless,” and we see from Eq. (4), on the other hand, that 
the motion of a uniform magnetic field is indeed irrelevant. 

(To be sure, the concept of a ‘‘moving magnetic field’”’ has long 
been useful in electrical engineering, where it refers to a field that 
is nonuniform and is steady when viewed in a certain moving 
coordinate system. It is natural to say that such a field is sta 
tionary in the last-mentioned coordinate system and, therefore, 
“moving’”’ with respect to other frames, but this practice is 
actually unrelated to the question under discussion, which has 
to do with uniform fields. The “motion” of this kind of field is 
detected, through its nonuniformities, by means of Faraday’s 
experiment—i.e., a voltage is induced in a stationary coil as the 
flux through the coil changes with time. ) 

In magnetohydrodynamics, therefore, when we speak of the 
induced electromotive force g x B, we must keep clearly in mind 
that this effective field does not arise from the motion of the 
conductor ‘‘relative to the magnetic field,’ but, rather it arises 
from the motion (at velocity qg) of the conducting fluid particle 
relative to the system in which the observer measures the electric 
field E. 
of force cut by the particle but also those cut by the voltmeter 
closing the loop between the observer and the particle must be 
taken into account. These concepts are very clearly set forth in 
Table 9-1 of reference 4. 

That these points are important and not mere semantics can 


tssentially, one must remember that not only the lines 


be made clear by pointing out from Eqs. (3) and (4) that in the 
Couette-flow problem treated by Bleviss the answer would 
necessarily be the same whether one assumes the magnetic field 
to be “‘attached”’ (1) to the stationary wall or (2) to the moving 
wall, or, indeed, whether it is considered to be in motion with 
respect to both walls. Yet, if one believed that the induced 
electromotive force really arose because of relative motion be 
tween the fluid and the magnetic field, one would be forced to 
write the induced e.m.f. experienced by a moving particle (when 
E is referred to the system fixed in the stationary wall) asqx B 
in the first case and (¢q — Ui) x B in the second, thus obtaining 
completely different solutions. This would provide a direct 
means of detecting the motion of the uniform magnetic field, in 
violation of the principles described above. 

It is interesting to note, on the other hand, that these two 
different solutions for Couette flow can be realized in the follow- 
ing way. Instead of their being associated with different states of 
motion of the magnetic field, they can, in fact, be considered to 
correspond to different boundary conditions on the applied elec- 
tric field. For example, Bleviss clearly states that he chooses 
E = 0 in the system fixed in the stationary wall. An alterna- 
tive choice would have been to choose the applied electric field 
to be zero measured in a system fixed in the moving wall. In 
that case, the applied electric field in the stationary-wall system 
would have been E = — UB, and the effective electric field ex 
perienced by a moving particle would have been E + qx B = 
(q — Ui)x B. Thus, the application of an electric field of ap- 
propriate strength provides a physical means of setting up solu 
tions that could have been erroneously associated with motion 
of the magnetic field. Of course, in any case only the g x B 
term is the ‘induced electromotive force’ in the stationary-wall 
system. 

These results illustrate a possible interpretation of the results of 
Rossow! and Ong and Nicholls.* The separate cases treated by 
these authors, which they distinguish according to the state of 
motion of the magnetic field, can be more correctly thought of as 
corresponding to different values of the applied electric field. 
For example, Rossow’s second solution (magnetic field ‘‘fixed 
relative to fluid’) corresponds to choosing the applied electric 
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field E to be zero in the space-fixed (or fluid-fixed) system. How- 
ever, his first solution, within the linearizations that he made, 
must be interpreted as requiring the application of an electric 
field of strength —w,, By in the fluid-fixed system. This situation 
does not seem to be a realistic approximation to a plate moving 
through the atmosphere. On the other hand, since the applied 
electric field for this case is zero in the plate-fixed system, the ar- 
rangement could be set up in a wind tunnel or shock tube. 

It would be somewhat more difficult to imagine setting up a 
physical case corresponding to the solution denoted by Ong and 
Nicholls as that for which the magnetic field is fixed in their 
oscillating plate. For that case, one is led to the necessity of 
applying an electric field (in the far-fluid-fixed system) that 
varies sinusoidally with time, or otherwise assuring that the 
applied voltage in the system of the oscillating plate is zero. It 
seems questionable whether this is a particularly meaningful 
arrangement. 

&@ By interpreting the different cases treated in references 1 and 
3 in the way that we have indicated, it can be shown that the 
(linearized) results obtained correspond (with the possible ex- 
ception of the case just discussed) to interesting and useful mag- 
netohydrodynamic problems. Nevertheless, these papers point 
up the importance of keeping clearly in mind the correct trans- 
formations applying to the various field quantities. It is not 
likely that future treatments, if based on erroneous electrody- 
namic concepts, can all be shown so readily to correspond to 


problems of real interest 
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Stress Functions for Plates of Convex Polygonal 
Shape* 
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N DETERMINING the in-plane stress distribution of arbitrary 
I shaped plates, variational methods utilizing functions which 
must satisfy force boundary conditions are frequently used. 

For a rectangular plate, the standard expression for the Airy 
stress function! 


»\4 


@ = (x? — a®)* (y? — b?)?P(x, y) 1) 
fulfills the stress-free boundary conditions 


N, = 0°¢/dy? = 0, N,, = —(0%/dxdy) = Oat x = +a! (2 
i r ° q <) 
N, = 0%/dx? = 0, Nz, = —(0%/dxdy) = Oat y = +d) 
where P(x, y) is an arbitrary polynomial in x and y and Nz, Ny. 
and N;, are stress resultants. 
When Eq. (1) is written in the form 

@ = (x + a)? (x — a)? (y + Db)? (y — 5)* P(x, y) (3) 
it is seen that the expressions in parentheses of Eq. (3) represent 
the left-hand sides of the edge equations 


* This work was done in the course of research sponsored by the Aircraft 
Laboratory, Wright Air Development Center, USAF, under Contract No 


AF33(616)-5504. 
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Fic. 2. Delta wing shape 
x+ta=0, x-a=0, y+td=0, y-5=0 (4) 


Analogous equations for the edges of an N-edge polygon (Fig 
1) can be expressed in the normal forms 


gp ae (5) 


xcosark + ysinaz;—p, =O (Rk =1,2,.. 
and an analogous stress function can be assumed in the form 
N 
@ = P(x, y) II (x cos ax + y sin ax — px)? (6) 
k=1 
In order to show that at any edge k, the expression (6) satisfies 


the stress-free boundary conditions 


Nn = 0%/dt = 0, Nar = —(02¢/dndt)*= 0 ((7) 

it is written in the following form SF: Bed 
= 

@ = (x COs ax +fy sin ag — px)?Q(x, v) : a (8) 


— 
where Q(x, y) includes P(x, y) and the remaining factors. 4 Ty 
The second derivatives of ¢ in the directions and / areM ike 


an = cos? a~ + sin? a, + 2¢,, SiN az‘ COB ay 

zz vy y 
bur = dy, COS* az + ozz Sin? ag — 2zy SiN ax COS a (9) 
dnt = or,(Cos*? ax — sin? ax) + (dy, — Grr) SiN ag COs ax) 


The values of ¢,2, ¢,,, and ¢,, obtained by differentiating Eq. (8) 


become 


grr = 20 cos? ax + 402g COS ax + Qrrgi* | 
oyy = 2Q sin? az + 4Q,ge sin az + Qyygn? (10) 
gory = 20 sin ax cos ax + 2Q2g% sin az + 
2Qygk COS ax + Qryg* 
where 2k = x cos ag + y Sin ak — pi 
At the edge k, g. = O and Eq. (10) reduce to 
ozrz = 20 cos? az, dyy = 2Q sin? ax, 
ory = 2Q0 sin a, cos ax (11) 


Substituting Eq. (11) into Eq. (9) gives 
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gnn = 2Q (cos! az + sin! ax + 2 sin? ax cos* ax) TABLE 1 
= 2Q(sin? ax + cos? ax)? = 2Q 
‘ P 4 : Inlet total 
= 20(sin? a,x cos? a, + cos? a,x sin? ag — 
gut Q ROE - (12) temperature(°F.) 500 1,000 1,500* 2,000* 2,500* 3,000* 
2 sin* az COS* ag) = O Throat metal 
ont = 2Q[sin ax cos ax(cos? ag — sin? ax) + temperature (°F.) 94 163 168 170 180 186 
(sin? ax — cos* ax) sin ax cos ax] = O Tunnel heat 
removal (B.t.u./sec.) 2.8 3.9 6.2 11.0 18.5 27.2 


thus showing that the expression (6) fulfills the stress-free bound- 
ary conditions. 

This approach is restricted to plates bounded by a convex 
polygon in order to obtain a physically reasonable solution. 
Instead of the normal form (5), any other convenient form 
Axx + Buy + Cy = O of the edge equation may be used. 

An application of the above to airplane problems occurs in the 
determination of the in-plane thermal stress distribution in delta 
and tapered wings. 

As an example, a stress function for the delta wing shape in 
Fig. 2 is given below. 

The edge equations are 

x+y=0, x«-y=0, «-120 (13) 


and the stress function becomes 


p 


(x + y)? (x — y)? (x — 1)*P(x, y)| 
= (x? — y?)? (x — 1)*P(x, y) \ 


(14) 


For a cantilever delta wing (the delta of Fig. 2 clamped at 
y = 0), the stress function becomes 
@ = (x — y)? (x — 1)? P(x, y) (15) 


Use of the variational principle then takes care of the displace- 
ment boundary conditions on the y = O edge, in an average way. 
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A High-Temperature, Steady-Flow, Supersonic 
Tunnel} 
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INTRODUCTION 
TARTING in October, 1956, we designed and built a Mach 3, 
steady flow tunnel to permit experimental exploration of 


T This work was supported by the USAF Office of Scientific Research under 
Contract No. AF49(638)-15. 

* Now, National Science Foundation Senior Post-Doctoral Fellow, 
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Fic. 1. Mach 3, High-Temperature, Steady-Flow Tunnel. 


* Data obtained when the air preheater gave a temperature of 1,030°F 
and the additional temperature rise resulted from hydrogen combustion 
in the plenum chamber. 


chemical energy release in supersonic flow. This tunnel was put in 
operation in late 1957 and has now accumulated approximately 500 
hours of test time. Some unusual characteristics of this tunnel, 
such as its ability to run steadily at an inlet stagnation tempera- 
ture of approximately 3,500°F., are presented here. 

The tunnel is of fixed rectangular geometry, and the test-section 
flow area is approximately 3 X 6 in. The exit diffuser consists of 
a variable-area second throat joining a spray cooler and an exhaust 
silencer which leads to the atmosphere. The tunnel-inlet stagna- 
tion pressure varies from ambient to approximately 125 psia and 
the design-point mass flow is about 5 lb./sec. The tunnel is 
shown in Fig. 1. 

The air, supplied by a 10: 1-pressure-ratio compressor plant, is 
fed to a heat exchanger designed for 1,200°F. but which, in fact, 
has been used to 1,500°F. This hot, compressed air is then ducted 
via an insulated strainless-steel pipe to the plenum chamber, 
tunnel, and exhaust system. The tunnel is constructed of 
aluminum and is completely water-cooled. Original design de- 
tails are given in reference 1. 


EXPERIENCE 

Early experience with the tunnel indicated that an original tun- 
nel heat-transfer design was conservative. This came about 
largely because of the boundary-layer behavior upstream of the 
throat. The transition section from the round plenum chamber 
to the rectangular tunnel consists of a smoothly contoured, water- 
cooled, aluminum casting. The hot-air boundary layer is cooled 
upstream of the throat, and a thin, relatively cool, laminar-air 
boundary layer does, indeed, effectively help to protect the throat 
and downstream tunnel walls. This pleasant performance leads 
us to higher temperature capability. 

We installed a hydrogen injection system in the plenum cham- 
ber about 3 ft. upstream of the throat. By burning this hydrogen, 
we were able to easily increase the gas temperature and thereby 
achieve operation above 1,500°F. 

Combustion in the plenum chamber is arranged to permit a 
relatively ccol (1,200°F.) layer of air to remain along the walls. 
Thus, we have succeeded in running the supersonic tunnel steadily 
with an inlet stagnation temperature about 3,000°F. Typical 
operating conditions are summarized in Table 1. 

Testing time depends upon the size of the fuel supply. We 
presently can test for about an hour at 2,000°F. The throat 
temperature was measured by means of a thermocouple im- 
bedded in the aluminum skin about 1/16 in. from the gas surface. 
The throat temperature is quite sensitive to the cooling-water 
flow rate.!. The values given in the above table are typical 
average conditions at the throat. The tunnel heat removal was 
determined by measuring the cooling-water flow rate and tem- 
perature rise. The inlet cooling water was normally at about 
51°F. 

Theoretically, a temperature of about 4,800°F. can be achieved 
by burning hydrogen in 1,200°F., 125 psia, air. For certain tests, 
we have added oxygen to the plenum to make up for the depletion 
of that molecule resulting from combustion. 

We have succeeded in obtaining remarkably good schlieren 
photographs through 6-in. diameter, 1-in. thick quartz windows 
during high-temperature operation. The optical shape of the 
windows changes as the temperature rises, but we have learned 
how to correct for this easily by simple adjustments of a normal 
“‘zee’’-type schlieren system. 
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We experienced one throat failure at 3,000°F. operation. The 
failure is believed to have resulted from a partial blockage of the 
water cooling passage. The damage was localized to the throat 
area by the resulting water leak, and the throat has been subse- 
quently repaired. The inlet total temperature can be varied 
easily and quickly by adjusting the fuel rate to the hydrogen 
superheater. The present manual control easily permits a tem- 
perature rate of change of the order of 1,000°F. per sec. This 
may afford an interesting high-temperature structural testing 


technique. 
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The Compressible Laminar Boundary Layer 
With Arbitrary Pressure Gradient and Wall 
Temperature Distribution* 


James C. Williams, Ill 

Research Engineer, Engineering Center, University of Southern 
California, Los Angeles, Calif. 

April 15, 1959 


N A FAIRLY RECENT and very complete paper, Cohen and 
Reshotko! solved the equations of motion for the compressible 

laminar boundary layer with heat transfer and pressure gradient. 
In this analysis, however, the pressure gradients allowed were 
only those which could be treated by the method of similar solu- 
tions and, also to meet conditions of similarity, the wall tem- 
perature was assumed constant. It is possible, as will be shown 
here, to remove the restriction of similar solutions and thereby 
obtain solutions to the compressible laminar boundary layer 
with arbitrary pressure gradient and wall temperature distribu- 
tion. 

The equations of continuity, momentum, and energy for a 
steady, thin, compressible laminar boundary layer are well known 
and will not be reproduced here. By making the assumptions 
of: (1) constant specific heat, (2) Prandtl Number of unity, 
and (3) a viscosity-temperature relationship 4 = poAT/T>, and 
by employing the Stewartson type of transformation of reference 
1, the compressible laminar boundary-layer equations can be 
transformed into the set 

(0U/oX) + (OV/OY) = 0 (1) 


U(OU/OX) + ViOU/OY) = Up(dUg/dX (1 + S) + 
v(0?U/O¥?) (2) 


U(®S/OX) + V(OS/OV) = v(d2S/dY?2) (3) 


The notation here is identical with that of reference 1. The 
transformed coordinates are related to the physical coordinates 
by the transformation relation, and the transformed and phys- 
ical velocity components are related through the stream func- 
tion, ¥, which is common to both systems. Thus, 


dX = Na-/ao)(pe/po)dx, dY = (p/po)(ae ao)dy| ‘ 
U = (d¥/OX) = (ao/a.u, V=ody/oY f (4) 


Any solution of the transformed set of Eqs. (1)—(3) is a solution 
of a physical boundary-layer problem and is related to the physical 
problem through Eggs. (4). 

Now, instead of attempting to solve Eqs. (1)—-(3) by the method 
of similar solutions as did Cohen and Reshotko, a series solution 
type of analysis, which is a slight modification of the well-known 
Blasius series of incompressible boundary-layer theory, is used. 
Thus, the velocity at the edge of the boundary layer (in the trans- 


* This research was supported in whole by the USAF under Contract 
AF 18(603)-95 monitored by the Air Force Office of Scientific Research of 
the Air Research and Development Command 
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formed system) is written as a power series in X, 
Ue = AX + aX? + azX? + agX4 +... (5) 


where the a, are constants determined from the potential flow 
and the transformation equations. Following the conventional 
Blasius-series procedure, the distance from the wall is made 
dimensionless by introducing 7 = YY a;/», and the stream 
function is also written as a power series in X with coefficients 
f,(n = 1, 2,3, etc.) which are functions of the dimensionless normal 
coordinate. Thus, 

y= V w/a }ayXfi + aX°fo + az3Xfs + asXfy +. ...4 (6) 
Finally, the enthalpy function S is written as a power series in XY 
with coefficients S,(” = 1, 2, 3, 4, etc.) which are also functions of 
the dimensionless normal coordinate 

S = So + SX + SoX? + 83X39 + SX4* +... (7) 

Now, if the velocities and their derivatives [obtained from the 
stream function, Eq. (6)], the external stream velocity, Eq. (5), 
and the temperature (enthalpy) function, Eq. (7), and its de- 
rivatives are introduced into the transformed momentum and 
energy equations, and coefficients of like powers of X are equated, 
a number of sets of simultaneous ordinary differential equations 
are obtained for the functions f, and S,. The first two equations 
obtained from the momentum equation are: 


fi’? — fifi” = (1 + So) +f” (8a) 


Bfi'fe’ — (2fefi” + fife”) = [81 + So) + (ai/a2)Si] + f2’’’ (8b 
and the first two equations obtained from the energy equation are: 
fi So’ + So” = 0 (9a) 


ayfi'’S; — 2aefeSo’ — afiS)’ = aS,” (9b) 


where primes denote differentiation with respect to n 

Eqs. (8a) and (9a) can be solved simultaneously to yield f; and 
So, Eqs. (8b) and (9b) yield fe and 5, and so forth. It should be 
noted that only the first set [Eqs. (8a), (9a)] is nonlinear. (In 
fact, this set is identical with the equations solved by Cohen and 
Reshotko if their pressure-gradient parameter, 8, is taken as 
unity.) The other sets of equations are linear in the undeter- 
mined variables f, and S,—; when the preceding functions (/f; 
through f,—; and So through S,») have been determined. 

The boundary conditions on the transformed boundary-layer 
Eqs. (1)-(3) are: 

U(X, 0) = V(X, 0) = 0 
S(X,0) = SX) 
lim S = 0 lim U = U{X) 
Y — « y= 
The corresponding boundary conditions on the functions f, are: 
f,(O) = f,'(0) = 0; limf’ = 1 
— 

If the wall temperature is a given function of X, then the en- 
thalpy function at the wall may be written 


SAX) = S, + XSi + F*Sa, + A Sy F. : 


where S,,,, are constants determined by the prescribed wall tem- 
perature distribution. In light of this, the boundary conditions 
on the functions S, are 
S,.(0) = Sue, lim S, = 0 
_ 

The method which has been described here yields a set of simul- 
taneous ordinary differential equations [Eqs. (8) and (9)] which, 
when solved with the appropriate boundary conditions, yields 
the functions f, and S, which completely describe the boundary 
layer on a body with arbitrary pressure distribution and arbitrary 
wail temperature distribution. Unfortunately, the added gener- 
ality obtained in this method is somewhat offset by the com- 
plexity of the resulting equations. With modern high-speed 
computing devices available, this complexity should, however, 


offer little difficulty. 
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Stability Criteria for the Airframe Dynamics 
of a Liquid-Propellant Rocket 


Josef S. Pistiner 

Design Engineer, Systems Analysis Section Staff, The Martin 
Company, Denver, Colo. 

April 20, 1959 


T' CAN BE SHOWN! that the pitch (or yaw) rigid-body dynamics 
of a gimbaled-engine rocket containing two sloshing masses 
may be represented, for assumed zero fluid damping, by an ope:- 
loop transfer function (in Laplace-transform notation) of the 


form 
6(s)/i(s) = KN(s)/s?D(s) (1) 
where 6 = pitch (or vaw) vehicle attitude, 6 = engine deflection, 
N(s) = s* + ays? + ao (2) 
D(s) = s4 + dys? + do (3) 
K = gain constant, and dp, a), bo, and }; are all real and positive 
coefficients. Furthermore, it can be shown on a root-locus plot 


that for rockets with flight-control systems which sense angular 
rate and displacement, the airframe-autopilot loop may be stabi- 
lized if N(s)/D(s) possesses a zero-pole-zero-pole configuration 
along the imaginary axis in the s-plane. 
N(s) and D(s) may be written in the following form: 
N(s) = (s? — s,2)(s? — 55?) (4) 
D(s) = (s* — S2?)(s? — 54?) (5) 


Then the stability condition defining the required alternation of 
the zeros and poles is expressed by: 


0< |s1! < |se| < |s3| < Is4 < « (6) 

By use of Eqs. (2) and (3), condition (6) may be redefined by 

three separate inequalities (omitting the trivial conditions of 
Is, | > Oands;< ©), These three stability conditions are: 








(a) b — Vd — 4b) > a; — V a? _ Ado (7) 
(b) a — Va)? — Jag > bh -— Vb? — 4h (8) 
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/ 
(c) by + Wb? — 4bo> a, + Va? — 4a (9) 
By manipulation of inequalities (7) through (9), the following 
necessary and sufficient conditions for proper alternation of zeros 


and poles are obtained: 


bo > do (10 
b> a (11 
(bo — ao)? < (boas — avh;)(b) — a;) (12 


Inequality (12) implies also that 
boa; — aod; > O (13 
It should be noted, however, that inequality (13) is a necessary 


but not a sufficient condition. Inequality (12) may be rewritten 


as: 

[(bo — ao)/(bi — ay)] <a, — [(b; — a1)/(bo — ao)lao (12a 
If we let (bo — ao)/(bi — ay) = 2 (14 
then, for stability, sc az—a (15 


and the stability boundary is 


2s? — az + a = 0 (16 

Setting x = 2/a, = (1/a))[(bo — ac)/(bi — a1)] (17 
and y= V ay ay (18) 
we obtain (x — 0.5)? + y? = (0.5)? (19) 
This is the equation of a circle in the x-y plane with origin at 


(x = 0.5, y = 0) and radius of 0.5. The region for stability, 
therefore, is the area within the semicircle in that quadrant of the 
x-y plane where x and y are both positive (Fig. 1). 
Since condition (12) may be rewritten also in the form 
[(bo — ao)/(bi — a1)] < by — [Cdr — a1)/(bo — ao)]bo (12b 
the same semicircle will define the stability region if we alter- 
nately 


let x = x’ = (1/b,)[(b1 — ao)/(b: — ay)] (20) 
and y=y = Vbyo/b (21) 


REFERENCE 


1 Heist, E. K., Equations of Motion of a Missile with Sloshing, Rep. No 
GM-TM-146, Guided Missile Research Division, The Ramo-Wooldridge 
Corporation, February 8, 1956 





+ 


A Note on the Blasius Equation With Three- 
Point Boundary Conditions 


William Squire 
Bell Aircraft Corporation, Buffalo, N.Y 
April 20, 1959 


tt Napolitano! has shown that a number of mixing 
problems involve the Blasius equation subject to conditions 
at three points (+o, 0). Analytical approximation by a per- 
turbation technique and numerical solutions on a high-speed 
computer were reported. In this note, a numerical technique 
for evaluating integrals over an infinite range, which the author 
has shown? to be applicable to ordinary boundary-layer problems, 


will be applied. 


We consider f'' + 2” =0 (1) 
subject to f(+o) =1 (2a) 
f(—©~) =1-~A, O<A<1 (2b) 

f(0) = 0 (2c) 


Let f’(0) and f’’(0), which are required to start the numerical 
integration from 7 = 0, be denoted by a and 8, respectively. A 
formal integration of Eq. (1) gives 





By in 


is obt: 


The i 
Lague 


Becat 
must 


since 
weigh 
For tl 


and if 


The 
evalu: 


the re 


The v 
to th 
polyn 


The v 
The gq 
or les: 

Int: 


transf 


If we 


a 


Eq. (1 


From 


While 
Napo! 
ably 1 
the e> 


(9) 

owing 

zeros 
(10 
(11 


(12 


(16 
(17 


2b ) 
fer- 
20) 
21) 


No 


ige 





READERS’ 


—2§ " fdn : 
f'n) = Be Si (3) 
By integrating Eq. (3) from — ~ to +, the relation 


. T©@ — ” 
f(te)—f(—©)=r=8 eS ftn 4) 


— @ \ 


is obtained, while integration from 0 to + © gives 


l-—a= ef e~ 2S Sdn dn (5) 


The integral in Eq. (5) can be brought into the form for Gauss- 
Laguerre quadrature by introducing the new variable 


n. . 
x= of Sdn (6) 


Because of the difference in the conditions at » = 0, the integral 


must be written as 
fe x 
9 9 ~- 
l-—a= sf x (1/2)e z{ x! */2f(x)} dx (4) 


since it is x’?/f which approaches a finite value, ‘/2a~'*. The 
weights and abscissas for the quadrature are readily determined.*® 
For the first-order case, we have 

a =1/2, M=v7 
and if we use only the leading term, we obtain 


B =(1/2)1 —a) Va T (8) 

The integral in Eq. (4) which goes from — ~ to + © cannot be 

evaluated by Gauss-Laguerre quadrature but can be handled by 
the related Gauss-Hermite method.’ This formula states 


elie 
J e~9(t)4* = DHyg(aj) (9) 


The weights and abscissas are determined by relations analogous 
to those for Gauss-Laguerre quadrature but involving Hermite 


polynomials. The first-order case is 


a; = U, H, = Vy 
The values of the 2(1) 20 order are given by Salzer‘ and Kopal.* 
The quadrature is exact when g(t) is a polynomial of degree 2n — 1 


or less 
Introducing the new variable 


; — 
t= y2 fi tan (10) 


~ 


1 = af ; “eW" [t/f(t)ldt (11) 


transforms Eq. (4) into 


If we use only the leading term in the power series ¢t/f(t) = 
a~'? and in conjunction with the first-order quadrature formula 


A = BY r/a (12) 


From Eq. (12) and Eq. (18) it is found that 


Eq. (11) gives 


a=1— 2/2 (13a) 


B = d/l — d/2]/" (13b) 
While Eq. (13a) corresponds to the first approximation in 
Napolitano’s perturbation procedure, Eq. (13b) compares favor- 
ably with the third approximation, as seen in Table 1 in which 
the exact values are those obtained numerically by Napolitano 


TABLE 1 








— a—— —_——— 8 . 

r Eq. (13a) Exact Eq. (13b) Exact 
0.2678 0.8661 0.8698 0.1406 0.1406 
0.4796 0.7602 0.7739 0.2359 0.2360 
0.5541 0.7229 0.7421 0.2658 0.2660 
0.6915 0.6543 0.6870 0.3156 0.3158 
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Unfortunately, the calculation of higher-order approximations 
by the present method does not give simple analytical expressions 


but is a numerical process 
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A Remark Concerning the Vibration of a 
Delta Wing in Supersonic Flight 


Milomir M. Stanisic 

Associate Professor of Engineering Sciences, Purdue University, 
Lafayette, Ind. 

April 20,1959 


INTRODUCTION 

Ts PAPER is concerned with the formulation of an integral 

equation, resulting as a consequence of the boundary condi- 
tions on a delta wing by the supersonic motion in three-dimen- 
sional nonsteady flow. The method of velocity potential has 
been used in order to formulate this equation, which solution 
leads to the determination of a source function. The integral 
equation obtained is not solved in this paper because of the enor 
mous difficulties imposed by its domain of integration and its 
unsymmetric kernel. However, the object of this paper is to 
show that the method of velocity potential is inconvenient for the 
solution of such an important problem. The Prandtl method, 
known as “acceleration-potential method,’’ is much more suit 
able. Furthermore, this paper shows that much more remains 
to be learned in the theory of singular integral equations 


FORMULATION OF THE PROBLEM 
The Euler equation, neglecting the body force, can be written 
as 
b + (1/p)grad p = 0 (1) 
where b is acceleration vector, » characterizes the pressure field, 
so that p = f(p), with p as density. However, 
(1/p) grad p = grad P(p) (2) 
letting b = grad x (3) 
Then, Eqs. (1) and (2) lead to 
x + P(p) = constant (4) 
where x = x(x, y, 2, ¢) represents the acceleration potential. 
Therefore, for linearized motion in the x-direction, we have 
b, = Ox/Ox = (Ou/Ot) + L’(Ou/dx) (5) 
where U is velocity of the wing and 
u = O¢/OX (6) 
with g = ¢(x, y, 2, t) as a velocity potential function. Hence, 
Eqs. (5) and (6) lead to 
Ox/0x = (0/d0x)[(Og/dx) + U(d0¢/dx)] (7) 
Using the transformation 
x=&+ Ur; y=n; 2 =$ t=f (8) 
one has 0/0x = (0/0E)(0E/Ox) + (0/07r)(Or/Ox) 


and 0/dt = (d/dE)(DE/Dt) + (0/7 \(dr/dt) (9) 


Moreover, 
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0&/Ox = 1; Or/ox = 0; £ = -U; = 0 er 
i / 7/Ox o¢/Ot U; ot/dr 1 (10) x(x, y, z,t) = —(e~*!/x)(0/dx) A(x:, yi, 0) X 
Therefore, Eqs. (7)-(10) lead to (D) 


E+ Urn és 7) = E+ Urns rl/or (11) K(x, ¥, 55 Xi 1,0) dxdy (13) 

: 2 T P where w is the frequency of the flow, A(x, y:, 0) is the source 

Hence, o(€ + Us, 9, i, 17) = | is . x(é + UB, 1, &, 6)d0 (12) function for reson dee scan flow, D is the domain 

of integration, obtained by the intersection of the aftercone with 

the wing surface, (see Fig. 1), and K(x, y, 2; x1, 1, 0) is a singular 

kernel resulting from the solution of the basic wave equation for 
three-dimensional nonsteady flow given by Eq. (1). 


; 2A cosh ™ [(x—21)/By/(y—yi)?+23) 
K(x, ¥, 2; %1, 01,0) = sinh @ sin [Ap (y — y:)? + 2? sinh 0] dé + 
0 


Vy — yy)? + 2? 


Note that the acceleration potential x(x, y, 2, t) for nonsteady 
three-dimensional flow is a given function! of the form 


(x — x1) cos }AV (x — x)? — B*(y — y,)? + 27] 


(14) 
iy — 1)? + 7] V(x — x)? — B(y — yn)? + 2°] 
where A is an eigenvalue and 8 is the Mach coefficient. For A = 0, Eq. (14) is reduced exactly to the equation for steady flow.2 Eqs. 
(13) and (12) lead to 
: te sd r \ 5 . / 
oé + Ur, 2, §, 7) = —(1/x) fi (0/0é) \f A(x, yy, O)K(E + U8, 0, &; x1, Mr, O)derdyi ¢ +e 10? d@ (15) 
‘ (D) 
Let ¢+ V@=4u (16) 
Then, Eqs. (15) and (16) lead to 
: ; , &+Ur ; ‘ core 
AE + Ur, n, & tr) = —(1/rU) (0/08) 7 A(x, 91, OK(u, 0, £, X41, 1 Jdxudy, Je ~tol(u—8)/U lgy (17) 
: (D) 
Therefore, in spite of Eq. (8), 
; , aostyite—U x , ; 
g(x, y, 3, t) = —(1/rV) (0/dx) je U)(x—Ut) f f A(x, 10)K( pu, ¥, 3; 41, Ni, O)e~ tou’ U dx dyrdut (18) 
(D) 
Eq. (18) shows the relation between velocity and acceleration its _ 
potential for three-dimensional nonsteady motion. Denote the Q = Q(0, 0, —iwg(x, ye) (20) 
surface of the wing for any time as 
: sei However, the velocity of the fiel y is 
s = g(x, y)e~ (19) oweve 1e velocity of the field of flow i 
where g(x, y) is prescribed function, regular everywhere in the C= C(U + u,v, w) (21) 
region_under consideration; then, the velocity of the wing is Then, the normal component of the velocity of the wing must be 


equal to the normal component of the velocity of the flow—i.e., 
Q-n = C-n (22) 
where nis normal to the surface given by 
n = njg,(x, yje—*, g(x, ye, —1} (23) 


where subscripts x and y denote derivatives with respect to x and 
y, respectively. Eqs. (20)-(23) lead to 





w= ee [Ug,(x, y) — iwg(x, y)] (24) 
However, zw = lim 0¢/0z (25) 
z—0 


Hence, Eqs. (18), (24), and (25) lead to 


Ug-(x, y) — twg(x, y) = —(1/rU) (0/dx) X 
j eliwr/U) | i lim (0/0z) (f A(x, 91,0) X 
/ —c g—»() ‘ 
a (D) 


; , ) : 
K (gs, ¥, 3; Xi, Vie O)deidy ) - e(ton/U) dus 26) 


This is an integral equation which has to be solved with respect 
to A(x, ¥:,0). The equation is of a very complicated nature and 
does not belong to any type of integral equations treated in the 
literature of today. The exact solution of this integral equa- 
tion seems hopeless. Even an approximate solution is extremely 
hard to find. Note that the integration has to be performed in 
the Hadamard sense. Hence, the velocity potential leads to a 
very complicated integral equation, and therefore this method is 
not convenient for formulation of such a problem. However, 
the method of acceleration potential is more convenient and, as 
such, has been used by the author in his work.’ 








Fic. 1. Geometry of region of integration, D, of the wing. 
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On the Stable Shape of a Slender Ablating 
Graphite Body* 


George W. Sutton 

Consulting Research Engineer, General Electric Company, 
Philadelphia, Pa. 

April 28, 1959 


SYMBOLS 


( mass concentration 
D diffusion coefficient 
m mass flow 
p pressure 
S Schmidt Number 
R gas constant 
t time 
1 temperature 
u axial velocity 

= radial velocity 
1 ablation rate of tip 
x axial coordinate 


radial coordinate 
p density 


m viscosity 


Subscripts 
o oxygen 
‘ carbon 
edge of gaseous boundary layer 
wv = wall 
free stream 
INTRODUCTION 
y HAS BEEN DEMONSTRATED that a slender graphite rod, when 
placed in the flow of an air-plasma tunnel, ablates into a 
slender ogive whose shape then remains fixed during further 
ablation. 
In this note, the terminal shape is calculated under the as- 
sumption that the graphite burns to form CO at the surface 
Under these conditions, stoichiometry requires that 


Me = p(dy¥w/dt) = 0.75m, = 0.75por (1) 


For this assumption, calculations of the terminal shape have 


been made. 


EQUATIONS 


Continuity 
(0/Ox)(p uy) + (0/dy)(p vy) = 0 (2) 


Vomentum 


pu(du/Ox) + pv(Ou/Oy) = peu-(due/dx) + 
y—(0/dy)[uy(Ou/Oy)} (3) 


Diffusion 
pu(OC,/Ox) + pv(OCo/dy) = y—(0/dy)[ypD(OC)/dy)] (4) 


where Co is the mass density fraction of O plus O2.? 


* This work was supported by the USAF, Ballistic Missile Division, under 
Contract No. AF 04(647)-269. The author wishes to thank Dr. H. G. Lew 
and Dr. Irving Korobkin for their stimulating discussions and helpful sug 
gestions, and Ruth Lyons for programing the integration. 
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Fic. 1. Experimental and calculated shape of slender ablating 


graphite rod 


To reduce the above equations to ordinary equations, Pai’s 
transform for slender bodies of revolution’ is modified as follows: 


7] 
n = [p.u,/(2E)! if, (p/p. )ydy (5) 
0 
z 
t= Pwhte Ue Vw? dx (6) 
0 


puy = Oy/Oy, py = —Oy/Ox ( 
y = (2&)"*f(n) (8) 


Using the above transforms, Eqs. (3) and (4) become 


Momentum 


” 


[( puy?/ pwhwVuw?)f"|’ + ff" + B(p./p — f’?) = 0 (9) 
Diffusion 
[( py? / pwtw¥w?)Se'Co’]’ + fCo’ = 0 (10 


For the configuration of reference 1, the change in u, is less than 
1 per cent along the body, hence, u, is taken as u,,, and @ is then 
zero. If the Schmidt Number for diffusion of the oxygen is 


unity, then, by comparison of Eqs. (9) and (10), it follows that: 
Co = (Coe — Cow)f’(n) + Con (11) 


where Cy», the concentration of oxygen at the wall, is approxi 
mately zero for perfect combustion 

With the assumption that (pyy?/puuzwyu?) is unity, Eq. (9) re 
duces to the Blasius equation for a flat plate. With the use of 
the transforms and Eq. (11) corrected by a factor S,'/%, Eq. (1 
becomes 

fo = 0.75Sew~?!2Coef” (12 

which indicates that the concentration profiles are similar. With 
Se, taken as 0.735,4 and Cy, = 0.231, tables of Emmons and 
Leigh® give fy = —0.090. 

Finally, use is made of the ideal-gas law and the following 
slender-body relationship :* 


Pw = Po + Pote? In } [2/(dyw/dx)]( M2 — 1)~"2} (dyw/dx)? 
(13) 
Now, if the shape does not change with time, then a Galilean 


transformation may be used—that is, 


dy»/dt = V(dyw/dx) (14) 


so that Eq. (1) finally becomes: 


dyu —(f/PeV)( pwt > Peo /2RwTw)?y|1 + G(dyw/dx)? 15 
= (lo) 
dx e v2 
J | y?[1 + G(dyw/dx lat 
(Jo f 
where G = (potq?/Pa) In} [2/(dye/dx)]( M2 — 1)’ } (16) 


Eq. (15) describes the terminal shape of a slender ablating 


graphite rod. 
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SOLUTIONS 


For the conditions which existed during the experiment, G is 
less than 0.1, hence, as a first approximation, G may be neglected. 
Then, Eq. (15) may be integrated directly to obtain: 


Yo = —2Wfw/pceV)(Mwtl oo Poo /RwT w)t!2x'!? (17) 


Note that the shape depends on V, which is not yet determined. 
For the experimentally determined value of 1.6(10)~* ft. per sec., 
the shape predicted by Eq. (17) is shown in Fig. 1, where it may 
be seen that the agreement is only fair, since the experimental 
shape is closer to y ~ x°*. A more important objection to Eq. 
(17) is that it does not indicate a method for obtaining V. 

If it is assumed that continuum theory applies at the nose, 
and that the nose is slightly blunted, then Eqs. (2)—(4), when in- 
tegrated at an axially symmetric stagnation point, indicate that 
for the experimentally determined value of V, the nose radius of 
curvature is the same as the molecular mean free path in the un- 
disturbed flow. Hence, it may be possible that the rate at which 
the tip recedes may be predicted by free molecule theory. The 
3 


calculated free molecule graphite combustion is V = 2.92(10) 
ft. per sec., which agrees with the observed value within a fac- 
tor of two. Hence, it appears that there is a region of shock- 
boundary-layer interaction at the tip, and that Eq. (15) cannot be 
used near the tip. 

In order to obtain more realistic results, Eq. (15) was integrated 
numerically on an IBM 704, starting from a point 5 mm. from 
the tip, using the experimentally determined value of dy,,/dx and 
Yw at this point. The best fit with the experimental curve was 
obtained with a value of V = 1.21(10)~ ft. per sec., which is 26 
per cent less than the observed value. In addition, the calcu- 
lated shape correlates as y ~ x®-®5, which is in better agreement 
with the observed shape. This curve is also shown in Fig. 1. 
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Heat Transfer and Recovery Factor in a 
Laminar Boundary Layer With Arbitrary 
Pressure Gradient and Wall Temperature 
Distribution 


Bernard Le Fur 
Engineer, Nord Aviation, Chatillon-sous-Bagneux, France 


April 28, 1959 


SYMBOLS 


Subscripts 
6 = outer edge of boundary layer 
w = wail conditions 
ry = insulated wall 


I IGHTHILL! HAS INTRODUCED a method to determine the heat 
transfer at the wall when the pressure gradient and the wall 
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temperature are arbitrary, but does not take into account the fric- 
tion heating. It will be proved in this note that it is possible to 
treat the case where this heating is not negligible and to calcu- 
late the temperature recovery factor P 

If the stream velocity us and the difference between the wall 
temperature 7,, and the stream temperature 75 are small, then 
it can be assumed that the viscosity u, the density p, the heat 
conductivity k, and the specific heat at constant pressure C,, are 
constant throughout the fluid. 

Using as independent variables the abscissa x and the stream 
function y, the differential eqautions of conservation of momen 
tum and energy take the form given to them by von Mises: 


(0Z/O0x) — pyu(d?2Z/dy?) (1 
(00/0x) — (pu/Pr)(0/dp)[u(06/oy)] = 
-(pp/2C,)du/oy\OZ/ow) (2 
with Z(x, Y) = us? — u? and O(x, y) = T — T;3. 
The following boundary conditions must be satisfied: 


lim Z(x,~) = 0; lim Z(x, ¥) = us?; lim Z(x, y) = 0 


x—>() yo lao 


lim O(x,y) =0; lim O(x, ¥) = 7, — 73; lim O(x, ¥) = 0 


x—>0) yo yor ao 


An iterative solution of the system of Eqs. (1) and (2) can be 
carried out. 
Let us take the departure step: 


» 


Uo = (2ty/ pp)’ *y'? (5) 
where the shear stress 7, at the wall will be determined by the 
integration of the approximated momentum Eq. (6) hereafter 

The first approximation Z; and ©, will be obtained as a solution 
of the system: 


(0Z;/0x) — pyo(02Z;/dy?) = 0 (6 
(00;/Ox) — (pp/Pr)(0/dw)[u(00,/dy)] = 
— (pp/2cp)(Ou/OY)(0Z;/Ow) (7) 
using the boundary conditions (3) and (4). 
Eqs. (6) and (7) have been solved by Lighthill in the case where 
the right-hand term of Eq. (7) is negligible; the variable ¢ was 
introduced: 


Pz 
i= f (2putip) *dx (8) 
) 


and the Laplace transformation with respect to ¢ was used. 
The shear stress 7, becomes a solution of the integral equation : 


r Ps J 
x 
[( pu)?’80°(1/3)/2.3"3] us%(x) (9) 


Eq. (7) can now be integrated with a right-hand term, using 
the method of variation of constants 
The heat flux at the wall: 


do = —R(OT/OV)o = —(2Zppty,)"%(cp/Pr) lim y"*(00/dy) 


~—>0 


is obtained as a Stieltjes integral: 
a jer er 
du = ([3%8/T(1/3)] ep pu)” *Pr-2 Fry! f (f a rel =)ds ) 
0 z 


a(T,(x’) — Tx’)] 


(10) 


where ty, is the solution of the integral Eq. (9). 7; is the 


recovery temperature: 
Tr = T3 + r(Pr)us?/2cp 
The recovery factor 7 is a function of Pr, either of the form: 
r(Pr) = Pr?’*,F,(1/3, 2/3; 4/3; 1 — Pr) (11) 


where the hypergeometric series converges for 0 < Pr < 2; or of 
the form: 





wher 
TI 
pend 
TI 
Num 
(11) 


Whe 


W 
effec 
Tett 

ir 


Ther 


We |! 


Nuz* 


WI! 


we hi: 


wher 
certa 

Th 
Tabl 
Ecke 

Th 
yield: 
parts 


close! 


Alt 
Eq. ( 
than 
justif 
press’ 
first « 
Num 


1 Li 
tnar bi 
pp. 35 

2 Le 
parot 
gradiei 
No. 23 

3 Hz 
mate t? 
Soc » \ 

‘Ec 
schicht 


1e fric- 
ible to 
calcu- 

wall 
, then 
> heat 


‘wie . 
Up are 


tream 
+. 


men 


(1 


(6) 


1ere 
was 


on: 


(9) 


ing 


Od) 


he 


of 





READERS’ 


TABLE | 
Values of Nuz-Rez~'/? for Pr = 1 


E. Present 
m Eckert paper Lighthill 
—().0654 0.284 0.265 0.262 
0 0.332 0.332 0.339 
1/9 0.378 0.395 0.405 
1/3 0.440 0.478 0.491 
l 0.570 0.643 0.661 
4 0.939 1.091 1.121 
r(Pr) = Pr*,F,[1/3, 2/3; 4/3; (Pr — 1)/Pr] (12) 


where the hypergeometric series converges for 1/2 < Pr <=. 

Thus, in the first approximation, the recovery factor is inde- 
pendent of the pressure gradient. 

The values of the recovery factor for some values of the Prandtl 
Number are given in reference 2. When Pr — 0, the expression 
(11) reduces to: 

(1'(1/3)/22+/3) Pr?’* = 1.7668Pr*/3 (13) 
When Pr — ©, the expression (12) reduces to: 


(1'(1/3)/29+/3] Pr’? = 1.7668Pr'/s (14) 


THE HEAT-TRANSFER COEFFICIENT ON WEDGES 


When us = cx” and the wall temperature 7, is uniform, the 


effective temperature 7s; for which g, = 0 on a given point, is: 


Tet = T3 + A + (r — 1T(2/3) X 
{T[((11m + 3)/(3m + 3)]/T [10m + 2)/(3m + 3)] })(us?/2cp) 
(15) 


Then the local Nusselt number is: 
Nutz = qux/k(Ty — Tett) (16) 
We have: 
Nuz Rez"? = Pr/3{378(m + 1)¥2/2%/2e/4(T(1/3)]"2} x 
{T[(11m + 3)/(3m + 3))/T[(9m + 1)/(3m + 3)]}"* (17) 


When Pr = 1, Tere equals the stagnation temperature 7’;, and 
we have with the method of reference 1: 

Nuz: Rez? = {373m + 1)¥2[f"(0)]“3}/[2"T(1/3)] (18) 
where the function f"(0) has been calculated by Hartree* for 
certain values of m. 

The values of Nu;-Re,~'? for some values of m are shown on 
Table 1 and compared with the exact values calculated by E 
Eckert‘ and those calculated by the formula (18). 

Thus, in the case of wedges, the method presented in this note 
yields a closed form expression (17) for Nuz-Re;~'/?, which de- 
parts further from the exact values as m increases, but is always 
closer than Lighthill’s expression (18) 


CONCLUSION 


Although approximate values of 7,, as given by the integral 
Eq. (9) are used in formula (10), the latter yields better results 
than the Lighthill’s method, which, on the other hand, is only 
justified for large Prandtl Numbers. The recovery-factor ex- 
pression given in this paper is—as far as the author knows—the 
first closed form theoretically justified for any value of Prandtl 


Number 
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An Alternative Formulation of the Problem of 
Flutter in Real Fluids* 
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T IS WELL KNOWN, in steady flow, that the actual lift curve 
slope is somewhat less than that predicted by inviscid flow 
theory, even at small angles of attack. As the stall angle is ap- 
proached, the lift curve slope continually decreases and thus de 
viates even more from the theoretical value. Pinkerton! em 
ployed the measured circulation to determine the pressure dis- 
tribution and found that the resulting prediction of the moment 
is considerably improved over that given by the classical theory 
This amounts to replacing the conventional Kutta-Joukowski 
condition with the condition that the total lift should agree with 
the measured value, and this, in turn, completely determines the 
flow pattern. Practically, this is accomplished by giving a 
fictitious camber to the profile. Since potential flow theory is 
valid outside of the boundary layer, once the boundary-layer 
thickness is known, the potential flow may be corrected for the 
displacement thickness and the viscous wake by appropriate 
source distributions. The boundary layer cannot be evaluated, 
of course, until the potential flow is known and the circulation is 
applied. A criterion to determine the circulation, by generaliz 
ing the Kutta-Joukowski condition, was proposed by Preston? 
and Spence*® by assuming that the pressure at the trailing edge 
shall have the same value when determined from the potential 
flow values above and below the airfoil. This procedure gives 
qualitative information concerning viscous effects in steady 
flow.* 

Turning now to unsteady flow, it is noted that numerous com 
plications arise.‘ For example, if the separation does not occur 
forward of the trailing edge, it would seem that the Preston-Spence 
criterion might apply; but if separation does occur forward of 
the trailing edge, then the criterion to determine the value of the 
instantaneous circulation definitely requires some modification 
To overcome such difficulties, various semiempirical methods 
have been proposed.4~?7 These various methods are discussed 
by Sears‘ and Van de Vooren.’ One of the most promising of 
these is that of Rott and George’ who propose to relax the Kutta- 
Joukowski condition in the case of unsteady flow and to employ 
in its place a functional relationship between leading-edge and 
trailing-edge pressure singularities. By assuming this functional 
relationship to be a linear one, they have actually made a crude 
unsteady boundary-layer approximation based on the idea that 
the mean instantaneous pressure gradient depends on the dif 
ference between the leading and trailing-edge singularities, which, 
in turn, determines the magnitude of the trailing edge singularity 
The range of applicability of any such linear relationship natu 
rally has to be determined from experimental data. On the other 
hand, in any combined torsional and flexural oscillation of a lift 
ing surface, the leading and trailing-edge singularities consist 
of two parts, corresponding to the two prescribed motions, and 
since these two motions do not produce similar boundary layers, 
a single factor of proportionality seems insufficient to describe 
the actual flow condition. Indeed, only single-degree-of-freedom 
flutter is discussed. 

Since the trailing edge singularity is a measure of the boundary- 
layer thickness at the trailing edge, or, alternatively, is a measure 
of the shift in location of the rear stagnation point, a straight- 
forward but general approach suggests itself—that is, to treat 
the problem in the velocity field rather than in the pressure field. 
Thus, we consider the well-known integral equation for the circu- 
lation of the bound vortex sheet which can be studied in terms 


* The results presented in this note were obtained during the course of 
research carried out under the BuShips Fundamental Hydromechanics 
Research Program administered by the David Taylor Model Basin 
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Fic. 1. The phase difference 6 between lift and a sine oscillation 
against wave length parameter 1/k. 


of the simple Joukowski transformation or by Glauert’s expansion 
method.® 

Let —2Ap, and 2A, be the tangential velocities at the leading 
edge and trailing edge, respectively, in the circle plane, and by 
deleting these singular parts the remaining part of the bound vor- 
tex distribution can be expanded into a Fourier sine series. Thus, 
one obtains an expression, equivalent to the Glauert-Birnbaum 
formula,’ of the form 


7(x) = 2U {Aol(1 + cos @)/sin 6] — 


A,|(1 — cos 6)/sin 6] + po A,, sin (0)} (1) 
n=1 

The first and second terms represent the singularities at the lead- 
ing edge and trailing edge, respectively. Ao, A,, and A, are con- 
stant coefficients. It is noted that for a general unsteady motion 
the bound vortex distribution y(x) can be expressed in an identi- 
cal form with time dependent coefficients. Only the first few 
coefficients, up to A;, are necessary to determine the lift and 
moment. For flapping/pitching oscillations, the Glauert method 

then leads to 
L = rpU*b| —ikvy — 2(u + 24,)C(R)] (2) 


M = Lab + wpU*b?[(m + 247) — v + 
(ik/4)(u% — vo) — C(R)\(m + 2A,)] (3) 
where C(k) is the Theodorsen circulation function, and vp and 2 
are the nondimensional complex amplitudes of the normal veloci- 
ties at the 1/2 — chord and 3/4 — chord points, respectively. 
We note that in the steady-state case positive A, implies a smaller 
lift coefficient, as required. : 
Within the scope of linearized theory, it is very general to as- 
sume that, for harmonic motions, 
2A, = B,(ho/b) + Baao (4) 


where 8, and Bg are, in general, complex, and depend on the vari- 
ous physical parameters. Physically, a and h seem to have the 
same effect on the boundary-layer flow, and, hence, one may in- 
stead assume 
2A, = do( Vo — %) — Ai? = AsVo = (Ay + de Wy (5a) 
—,[ik(ho/b) — ao] + 

tk}(1/2)r2 — ry[a — (1/2)]}ao (5b) 


ll 


where ); and dz are undetermined parameters which are again, 
in general, complex quantities dependent on the physical char- 
acteristics of the system. These results can be used directly for 
writing the final modified forms of the flutter coefficients. ! 
While the classical theory has been eminently successful in 
flutter prediction in many practically important cases, there re- 
main a substantial number of instances where this success has been 
limited. For example, the phase difference between the lift and 
the motion for a harmonically oscillating airfoil is known to be a 
controlling factor in the stability of the motion, but when com- 
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parisons of the phase are made between theory and experiment 
certain discrepancies have been noted.!! Such discrepancies, 
though not always significant, depend on the reduced frequency 
and the mean angle of incidence, and possibly are also affected by 
the Reynolds Number, the Mach Number, and, to some extent, 
by the geometrical parameters. 

In the preceding analysis, consider the special case \» = 0, 
1 — >; = ne'%. The expressions for lift and circulation then re 
duce to those of the classical theory, except that the circulation 
function C(k) is multiplied by the complex factor ne’®. In the 
moment equation, there are other slight modifications which, 
however, may be neglected for purposes of this discussion. To 
see what this might mean in a practical case, Fig. 1 shows that 
even when the mean lift coefficient is zero, there is a possible lag 
of some 5° to 10° in the measured phase at 1/k= 2, from the 
value given by classical theory. The theoretical value obtained 
by choosing ne’? = le~° is seen to offer some improved agree 
ment with the experimental values. Some possibility of im 
proved agreement between theory and experiment for flutter in 
high density fluids, by this type of approach, has been discussed 
elsewhere. '!? 

At higher mean angles of incidence, the phase shows an even 
greater discrepancy between classical theory and experiment.!! 
Consequently, the present semiempirical theory may prove to 
be a useful tool for flutter prediction in those cases where phase 
differences are likely to be governing factors. In any event, 
extensive experimental data will probably be required to evaluate 


the parameters A, and Az 
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Shock Waves and Dissipation in a Resonance 
Tube 
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T° A RECENT NOTE,! Hall and Berry exhibited shadowgraphs 
showing the existence of shock waves in resonance tubes, and 
they queried as to the precise nature of the heating effect first re- 
reported in systematic experiments by Sprenger.’ 

About a year ago, in a S.B. thesis at M.I.T. by Howick and 
Hughes,*® experiments were made with a stainless steel resonance 
tube, 14.11 in. long, with an internal diameter of 0.415 in., and a 
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Fic. 1 Pressure-time oscillogram at closed end of resonance 
tube. Each unit of vertical scale represents one atimosphere; 
each unit of horizontal scale represents 3.12(10)~4 sec 


wall thickness of 0.042 in., fed by a convergent nozzle having an 
exit diameter of 0.415 in. The nozzle was supplied with air at 6 
atm. and 70°F. Maximum resonance and tube heating occurred 
when the axial distance between nozzle and open end was about 
four tube diameters. Besides measurements of the temperature 
distribution along the length of the tube, pressure-time histories 
were measured at the closed end with a quartz-crystal transducer 
having a natural frequency of 48,000 cps. Fig. 1 shows a typical 
oscillograph trace, observed with a spacing-to-diameter ratio of 
3.6, and corresponding to a time-mean metal temperature meas- 
ured at the closed end of about 700°F. The vertical pressure 
jump indicates the existence of shock waves with, in this case, 
an overall pressure ratio of about 2.0 for the combination of the 
incident and reflected shocks. These pressure measurements 
confirm as well as quantify the visual observations of shock waves 
of Halland Berry. It may be noticed too that the peak pressure 
measured is 8 atm., and the time-mean pressure is about 5 atm., 
as compared with the nozzle supply pressure of 6 atm. The fre- 
quency in Fig. 1 is about 365 cps, which corresponds roughly to 
quarter-wavelength acoustic resonance. 

The quantitative pressure measurements also shed some light 
on the mechanism of heating. Because of the viscous dissipation 
in the shock wave, there tends to be a net temperature rise at 
each position in the tube for each period of oscillation. This 
temperature rise is counterbalanced by heat loss from the tube as 
the latter heats up. If the shock wave were the only source of 
dissipation, the product of the frequency with the total amount 
of energy dissipated in the tube per cycle must, at steady-state 
conditions, be equal to the rate of heat loss from the tube to the 
external surroundings. With the data available, we could make 
only rough estimates of these, but in every case the two energy 
rates were within a factor of two of each other. Until more re- 
fined tests are made, which are now being planned, we can only 
conclude that while there may be other sources of dissipation 
as, for instance, in the oscillating boundary layers on the tube 
walls—the dissipation in the shock-wave system is surely one of 
the major mechanisms of heating. 

A rough estimate from the data shows that the rate of energy 
dissipation in the tube is only about 0.2 per cent of the power 
corresponding to the isentropic enthalpy drop available from the 
air supply. 

The explanation given above suggests that the equilibrium 
temperature would be higher if the external heat loss were re- 
duced. With the original tube, uninsulated, the maximum 
time-mean metal temperature achieved at the closed end was 
about 850°F. When the tube was insulated, this rose to about 
1,500°F, although the heat-transfer calculations made a posteriori 
suggest that only a modest fraction of the original heat loss may 
have been eliminated. Important questions for future investi- 
gation are (a) how high a temperature can be achieved if all ex- 
ternal heat loss is eliminated, and (b) can the dissipation be made 
a substantially larger fraction of the energy supply in the jet. 
The practical implications of these questions are that the resonance 
tube might possibly be developed into a simple source of very 


high temperature gas. 
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On a Generalized Porous-Wall ‘‘Couette-Type’’ 
Flow 


G. M. Lilley 

College of Aeronautics, Department of Aerodynamics, 
Cranfield, England 

May 8, 1959 


| A RECENT PAPER,! the problem of a ‘‘Couette-type’’ flow in 

which the fixed wall is porous has been considered. The 
results quoted in the above reference can be obtained rigorously 
by the method stated below in which a different interpretation to 
one of the parameters is made. 

Let us consider the case of a flat plate moving at the constant 
speed U at a fixed distance from a stationary plate. Let both 
plates be porous, and assume that uniformly distributed suction 
or blowing is applied to the fixed surface 

If the velocity components (u, v) are functions of y only, then 
the equations of motion and continuity for the flow of an in- 


compressible fluid are, respectively: 


vo(du/dy) = — (1/p)(Qp/dx) + v(d?u/dy? (1 
v(dv/dy) = — (1/p)(Op/dyv) + v(d*v/dy?) (2) 
(dv/dy) = 0 (3 


with the boundary conditions 


y=0 u=0 v =constant = 6 
y=a u=U 
Eq. (3) shows that v = constant everywhere (implying a porous 
moving plate) and from Eq. (2), since (Qp/ey) = 0, p = p(x 


only. In Eq. (1), (0p/0x) must be constant, for the remaining 


terms are independent of x. 


Ifa = u/U; 6 = b/U = constant; f = x/a; y = y/a; Re = 
Ua/vandc = —(Re/pU*)(dp/d&), Eq. (1) can be written 
(di?/dy*) — bRe(da/dy) +c = 0 (4) 


with the boundary conditions 


Although Eq. (4) above is similar to Eq. (5) of reference 1, it 

must be noted that now 
c = — (Re/pU*)(dp/dz) 

and not as given in reference 1 

The term c thus refers to the ‘‘Couette-type’’ problem with a 
superimposed axial pressure gradient. The solution of Eq. (4) 
satisfying the above boundary conditions is 
a = {[(c/oRe) — 1]/[1 — e®Re]}(e®Res — et") 4 (c/bRe) X 

fy —1)+1 (5) 


as given in reference 1. 


Separation at the fixed wall is obtained when (da/dy);=9 =0 
which from Eq. (5) is equivalent to 
c = (#Re)*/[1 + bRe — e®* (6 
When (iRe) << 1, Eq. (6) reduces to 
c = —2 + (2/3)(iRe) + O(Re)? (6a) 


Thus, separation occurs when the applied positive pressure 
gradient 


(dp/d%)/(1/2)pU? = (4/Re){1 (®Re/3) + O(6Re)?] (6b) 
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Hence, a smaller adverse pressure gradient will provoke separa- 
tion when blowing (# positive) than for suction (@ negative). 


When the pressure gradient is zero (c = 0), the shear stress at 
the stationary wall 

(tu/pU*) = (di/dy)/Re =o (eRe — 1) (7) 

= (1/Re) [1 — (#Re)/2 + O(6Re)?*] (7a) 


Thus, the skin friction is reduced by blowing and 
Separation does not 


for iRe< 1. 
increased by suction at the stationary wall. 
strictly occur in the case of zero pressure gradient except in the 
limit as (6Re) tends to infinity with d positive (blowing). 
REFERENCE 
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The Modified Goodman Diagram and Random 
Vibration 


H. C. Schjelderup 
National Engineering Science Co., Pasadena, Calif. 


May 13, 1959 


SYMBOLS 


Vo = the S.\ curve for mean stress zero 

NsM = the SN curve for mean stress Sy 

VR = the random SN curve 

AS = amplitude of sinusoidal stress fluctuation with nonzero mean, 
psi 

ASo = amplitude of sinusoidal stress fluctuation with zero mean, psi 

SM = mean stress, psi 

Su = ultimate stress, psi 

Ss = peak-stress amplitude, random vibration 

Ss = root-mean-stress amplitude, random vibration, non-zero 
mean 

So = root-mean-stress amplitude, random vibration, zero mean 

o = S/S = a dimensionless stress ratio 

P(e) = the probability-density distribution of peak-stress amplitudes 

n = an exponent 


M°" DISCUSSIONS of the problem of fatigue damage associated 
to random vibration': 2? have been about vibration with 
mean stress zero. Although this assumption was made, the 
methods presented are not restricted to this condition. How- 
ever, accumulation of fatigue data covering all possible combi 
nations of amplitude distributions and mean stress would be pro- 
hibitive. For this reason, a method of extrapolating known fa 
tigue data would be of interest. 

A method of extrapolation which has been applied to the simple 
cyclic fatigue problem is to use the modified Goodman or Gerber 
diagrams. Analytically, these diagrams may be expressed by 
Eq. (1). 

AS/Su = (ASo/Sv)(1 — (Sau/Sv)") (1) 
which is the equation of a line of constant fatigue life. The 
exponent » takes values of unity and two for the Goodman and 
Gerber diagram, respectively. 

Eq. (1) may be reformed, as shown in Eq. (2) 

ASy = AS/1 — (Su/Sv)" (2) 


In this form, ASp may be interpreted as the fluctuating stress at 
zero mean stress giving equivalent life to a fluctuating stress AS 
at mean stress Sy. Or, if No(A.So) is the S-N curve for zero mean 
stress, No[AS/1 — (Sy/S))"] is the S-N curve Nsu(AS) for mean 
stress Sy. 

In order to apply the above to the random vibration problem, 
first make the following assumptions: 

(a) The probability-density distribution of peak-stress ampli- 
tudes P(c) will not alter with change in mean stress. 

(b) Miner’s linear cumulative damage will satisfactorily pro- 
vide a tool for computing changes in life with variations of mean 


stress. 


SPACE 
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Then a family of Random Fatigue Curves could be computed 
from Eq. (3) 
1/Nr(S) = J, [P(a)da/Nsy(o) (3) 
Or, substituting No} o/[1 — (Su/St "}} for Nsu(o), Eq. (3 


may be rewritten 
1/N R(S) = f, (P(o)do Novo {1 — (Sy/S_1 ‘' I!) (4) 


Since Eq. (4) is now expressed in terms of the fundamental 
S-N curve No(AS), the effects of change in mean stress can be 
simply interpreted as a change in the effective root-mean stress § 
by the factor 1 — (Sy/Svy)". 

Thus, changes in the random fatigue curve Np(S) caused by 
nonzero mean stress Sy may also be approximated by Goodman 
type diagrams of the form of Eq. (5) 


Ss St = (< Si {1 - (Sy Sr )" (oO) 

The implication of the above result is that one might expect 
similar trends in fatigue phenomena for random vibration as has 
been experienced in the more simple sinusoidal tests. However, 
the restrictions imposed by the preceding assumptions limits this 


observation to the long-life, low-stress fatigue regime. 
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Calculation by the Integral Method of the 
Effect of Fluid Injection Upon an 
Isothermal Boundary Layer*’ 


Milton M. Klein 
Physicist, General Electric Company, Aerosciences Laboratory, 
Missile and Space Vehicle Department, Philadelphia, Pa. 


May 11, 1959 


— SOLUTIONS have recently been obtained for the 
problem of fluid injection into an isothermal boundary layer 
by Smith,' and Eckert and Schneider.?, We have investigated 
the applicability of the integral method as a labor-saving tool in 
fluid-injection problems, but without the restrictive assumption 
of constant fluid properties.* Fourth-degree polynomials were 
used along with the usual boundary conditions. We have as- 
sumed for purpose of comparison,” that the air velocity relative 


* Work performed under the auspices of the USAF Ballistic Missiles Divi- 


sion, Contract No. AF 04(645)24 
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| T to the wall is zero. Calculations were made for hydrogen and 
helium as the injected gases. The fluid properties were obtained 
from the work of Carlson and Schneider ;‘ for the case of hydro 
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SYMBOLS 





%% ‘ | 2 3 4 5 6 > Subscripts 
n é€ = at edge of boundary layer 
0 = continuum-flow value 


Fic. 4+. Effect of injection of helium upon concentration pro- 


" 7 w = at wall 
files for several values of Cy 





MAN AND SCHEUING’S NOTE! presented a solution for the slip- 
flow heat-transfer rate to a flat plate. They plotted q/q 





vi- vs. Knudsen Number Kn for Pr = 0.72, y = 14,¢ =a = 0.9, 
0.7, T T —— T T and several values of the wall-temperature parameter n. For 

— INTEGRAL METHOD values of Kn less than 0.5, the ratio g/go was relatively insensitive 

0.6 + —--ECKERT & SCHNEIDER ’ to the parameter m. For n = 0, the authors obtained ¢/qo = 


0.82 for Kn = 0.1. Thisisa significant reduction in heat transfer 
due to slip, in contrast with Maslen’s statement? that there is zero 
first-order effect of slip on heat transfer. 

A partial cause of this discrepancy appears to be the assump- 
tion of the authors that the boundary-layer thickness 6 is unaf 
fected by the slip velocity at the wall. Donaldson* has obtained 
the effect of slip on the boundary-layer thickness for the incom- 
pressible case by use of the von Karman momentum-integral 
method and an assumed quadratic velocity profile. His results 


Ci /Re, 
° 
if 


~™ 
HYDROGEN. a. 





can be written: 


0. I}/_ + 


5/50 = 1/5.48Kn[fo(k) }?> (1) 
o.—__= 4 4 = | a. 4 hn = 
oO Ol 02 03 — 05 06 O7 O8 in which k = 1/Knand 
w 
'S Fic. 5. Skin-friction coefficient cy for injection of hydrogen or fo(k) = (k?/10) — (8/15) + (16/15) [1/(2 + k)] - 


helium. (1/15) [k3/(2 + k)] + (8/15) log. [((2 + k)/2] (2) 
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KNUDSEN NUMBER KN= \/8 
Fic. 3. Effect of slip flow on heat transfer to a flat plate. 
n=0,¢ =a =0.9, Pr = 0.72,(T4/Te) = 1,7 = 1.4. 


Eq. (1) is shown plotted in Fig. 1. It is seen that the effect of 
slip on boundary-layer thickness is by no means negligible. 

Since Oman and Scheuing’s numerical results were based ona 
linear velocity profile, it would not be consistent to adjust them 
for the change in 6 based on a quadratic profile. However, gen- 
eral relations were obtained in reference 1 which are independent 
of the velocity-profile assumption. For n = 0, Eq. (18) of 
reference 1 yields: 
q/Qo = (ol 1/Oy)w/[(Ol OY) w lo x 

(20 Pr Ue/Ue) + {[ — Un/Ue)? — Ail Ue/U-)?] + 
[1 — Ax(Uw/U-)]}) (8) 


in which A; = [8y/(y + DY Pr}f( — a)/al[o/(2 — a)] (4) 


and Az 1 — [2y/(yv + 1)][e/(2 — o)][(2 — a)/al[1/Pr) 
(5) 


By definition of the skin-friction coefficient cy, 
(OU /Oy)w/[(OU/Oy)wlo = tTw/(tw)o = oF /(er)o 
Combining Eq. (3) and (6): 
q/qo = c/(er)0b( Uw/ Ue) 


in which 


OCTOBER, 1959 
o(U./Ue) = 2 (U./U.) + 
{[(1 — Uy/Ue)? — Ail Uw/U-e)?|/[1 — Ax(Uw/Ue)|} (8) 

The function ¢(U,/U.) is a measure of how well the Reynolds 
analogy holds in slip flow. It is plotted in Fig. 2 for « = 0.9, 
Pr = 0.72, and y = 1.4. The slip-velocity ratio U,/U,. can be 
shown to be related to Kn by 

Uw/Ue = {m[(2 — «)/o]Kn}/{1 + m[(2 — o)/o]Kn} (9) 
in which m is the order of the assumed velocity profile (m = 1, 
linear; m = 2, quadratic; etc.). Eq. (9) has been verified for 
m = 1,2,and 3. Finally, the values of c-/cy are available from 
the solutions of Donaldson* and Laurmann,‘ respectively, which 
include the effect of slip on 6. Their results can be written: 
Quadratic velocity profile (Donaldson): c/(cq¢)o = 
5.5 [fo(R) ]95/(2 +k) (10) 


Cubic velocity profile (Laurmann): c¢/(c¢)o = 
7.48 [fo(Rk)]9°/(3 +R) (11) 


in which f2(k) is given in Eq. (2), and 


fs(k) = (1/7){(R?2/8) + (3/4) [A(R — 5)/(k + 3)] + 
(15/4) log. [1 + (k/3)]} (12) 


Using Eqs. (7)—(11), the curves of g/q of Fig. 3 were computed 
for ¢ = a = 0.9, Pr = 0.72, and y = 1.4. The values of Oman 
aud Scheuing are shown for comparison. The cubic profile 
values are not necessarily more exact than the quadratic profile 
values, since an increase in the order of the velocity-profile poly- 
nomial does not necessarily produce improved accuracy—e.g., 
Schlichting,® p. 205. 


CONCLUSIONS 


The investigations reported herein, which are part of reference 
6, have yielded the following conclusions: 

(1) The effect of slip on boundary-layer thickness is not negli- 
gible. Inclusion of this effect gives a smaller reduction in heat 
transfer due to slip than was obtained in reference 1. 

(2) The Reynolds analogy holds reasonably well in the slip- 
flow regime, as indicated by Eq. (7) and Fig. 2. Thus, a reason- 
able assumption for engineering purposes is 


q/qo = o/(er)o 


(3) The validity of the theoretical method based on contin- 
uum boundary-layer equations with slip conditions at the wall 
awaits experimental verification. The values of Fig. 3 must 
therefore be regarded as first approximations. 
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tracing cloth, the latter being preferred. Do not use typewriter 
for lettering. The smallest lettering on 8 X 10 inch figures should 
be no less than '/, inch high. Cross-section paper (white with 
black lines) may be used, but it should not have more than 4 lines 
per inch. If finer ruled paper is used, the major division lines 
should be draw n in with black ink, omitting the finer divisions. 
In the case of finely ruled paper, only blue-lined paper can be 
accepted. Tracing paper and blueprints are not acceptable. 
Lettering and all markings must be large enough to be readable 
after reduction to single-column width (35/,¢ in.). Mail rolled or 
flat; never fold. Drawings that cannot be reproduced (inc luding 
pencil drawings) will be returned to the author for redrawing, 
thus delaying publication of the paper. Photographs should be 
distinct and show clear black and white contrasts. They must 
be on glossy white paper. Avoid round or oval photographs. 


CAPTIONS AND LEGENDS: Legends or captions must accompany 
each drawing or photograph submitted. If written on the draw- 
ing or photograph, they should be placed below and well outside 
the part to be reproduced. Each table should have a caption 
such as Table 1, Table 2, Table 3, etc. Captions should be com- 
plete in themselves so as to make the data intelligible to the 
reader without reference to the text. A duplicate list of captions 
for figures should be included as the last page of the manuscript. 
Use ‘‘Fig. 1’’ (not Figure 1), ‘Figs. 3 and 4,”’ etc., in both the text 
and the numbering of illustrations. In the text, ‘Eq. (1)’ or 
“Eqs. (1) and (2)” is used, not “Equation (1).”’ In captions, 
legends, and in table headings, write all words in full; do not 
abbreviate, except for “Fig.” and ‘‘Eq.”’ 


MATHEMATICAL WoRK: Formulas may be typewritten or 
carefully written in pen and ink, the writing to be large enough so 
that it can be marked for the printer. Considerable space for mark- 
ing should be allowed above and below all equations. All compli- 
cated equations should be repeated on separate sheets with plenty 
of space left for marking. The solidus should be used for sim- 
ple fractions appearing within the text. Make all expressions 
clear to the typesetter. Greek letters used in formulas should 
be clearly designated by name in the margin of the manu- 
script. The difference between capital and lower-case letters 
should be clearly distinguished and care taken to avoid confu- 
sion between zero (0) and the letter (0), between the numeral 
(one), and the letter (ell) and the prime (’), between alpha and a, 
kappa and k, u and mu, v and nu, n and eta. All subscripts 
and exponents should be clearly distinguished. Avoid com- 
plicated exponents and subscripts. Dots and bars over letters or 
mathematical expressions should also be avoided. When it is 
necessary to repeat a complicated expression, it should be 
represented by some convenient symbol. 


SYMBOLS AND ABBREVIATIONS: The symbols recommended in 
the American Standard Association “Letter Symbols for Aero- 
nautical Sciences,’”” ASA Y10.7—1954, should be used wherever 
practicable. All symbols should be clearly written and carefully 
checked. Standard abbreviations should be used, and it should 
be noted that most abbreviations are lower case, such as m.p.h., 
b.m.e.p., ih.p., b.hp., hp., etc. 
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